Modelling of Impact Damage in Composites by Craven, Richard & Craven, Richard
 
 










Department of Aeronautics 
Imperial College London 
Prince Consort Road 





This thesis is presented for the degree of  











The work presented in this thesis is a detailed study of impact damage subjected to 
tensile and compressive loading to determine the stiffness reduction of the damage 
region and identify the damage mechanisms and important parameters that control the 
severity of the stiffness reduction. Once the important damage parameters had been 
indentified a homogenised non-linear soft inclusion model was developed. This 
represents the mechanical and material behaviour of an impact damage region under 
tensile and compressive loading in a simple and easy to implement user material format. 
The influence of different damage parameters was determined by building ply level 
models of idealised impact damage with delaminations at every ply interface and fibre 
fracture cracks within the plies. Parametric studies were conducted on the shape and 
size of delaminations and on crack density and crack distribution under tensile and 
compressive loading and these models were validated against experimental results. In 
order to determine the influence of fractured fibres on the residual compressive stiffness 
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Chapter 1  
Introduction 
In this chapter, section 1.1 gives a brief introduction to the problem of impact damage 
and why it is a threat to laminated composites. Section 1.2 outlines the aims, objectives 
and originality of this research and section 1.3 outlines the remaining chapters in this 
thesis. 
1.1 General Introduction 
Impact damage is a serious and constant threat to laminated composite structures. 
Composite laminates are widely used in the aerospace, high end automotive and marine 
industries for their high specific strength and stiffness and low density when compared 
with metals, Jones (1999). Due to their laminated structure and lack of through 
thickness reinforcement, pre-preg composites are very susceptible to out of plane 
damage, particularly impact damage, Davies and Olsson (2004). This impact damage 
seriously degrades the material properties of the composite, resulting in a stiffness 
reduction of up to 60% in compression, Sjögren et al. (2001). 
Impact damage is typically categorised by velocity or energy, with low velocity impacts 
occurring below 100 m/s, high velocity impacts between and 100 m/s and 1 km/s and 
hypervelocity impacts over 1 km/s, Abrate (1991). Low velocity impacts are typically 
defined as dropped tools and runway debris, while high velocity or ballistic impacts 
normally are considered as bullets or missile fragments. Hypervelocity impacts are 
usually only associated with dust or debris colliding with spacecraft and satellites, 
Abrate (2005). 
The research in this thesis concentrates purely on low velocity impact damage, and 
specifically barely visible impact damage (BVID), which leaves very little if any 
damage on the surface, typically defined as indentation of less than 1 mm. While there 
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is hardly any damage on the ply surface, internally impact damage is a complex 
interaction of matrix cracking, delamination and fibre fracture, Figure 1.1. It is this 
complex interaction of damage mechanisms that causes the significant stiffness 
reduction, Hull and Shi (1993). 
 
Figure 1.1 Impact Damage Cross-section microscopy, Álvarez (1998) 
Due to the nature of this damage and its inability to be easily spotted by a visual 
inspection, current Civil Aviation Authority (CAA) regulations state, that a structure 
must be able to sustain BVID impact damage and that damage must remain in the 
structure without growing for the life of the airframe, without reducing the strength or 
stiffness of the structure, Falzon (2009). Currently this is achieved by over-designing 
structures to ensure laminates are sufficiently thick to withstand the impact damage 
required for certification. However, to achieve optimal design there is a need for a 
design tool that can replicate impact damage regions, simply and accurately within 
larger structural models. 
While there are currently many Finite Element (FE) based models of impact damage 
available in the literature, Caprino and Lopresto (2000), Liu et al. (2006) and Kärger et 
al. (2009a), very few publish Compression After Impact (CAI) or Tension After Impact 
(TAI) results for their finite element models. Also these models are very complex and 
require thousands of elements to capture the detailed damage evolution and formation of 
individual damage features. These consequently cannot be easily implemented into a 
large structural model, where the whole impact damage region would be represented by 
a few of elements. 
The focus of the research in this thesis therefore, is to develop an understanding of the 
complex interactions between different impact damage mechanisms under tensile and 
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compressive loads and to identify the important damage parameters. When identified 
these parameters are used to form the basis of a simple homogenised non-linear model 
of impact damage that is capable of being used as a design tool, to help optimise 
efficient design by reducing the weight and cost of a structural composite component or 
when modelling buckling of structural panel with impact damage present, Falzon 
(2009). 
1.2 Aim and Objectives 
The aim and objectives of the research summarised in this thesis are given in this 
section, the originality and novelty of this work is also highlighted. 
1.2.1 Aim 
The aim of this work is to develop an understanding of the key parameters governing 
the mechanical behaviour of impact damage regions in composite laminates, and to use 
this understanding to develop guidelines for modelling the homogenised non-linear 
behaviour of such regions in larger structural models. 
1.2.2 Objectives 
The objectives of this research are, to use detailed models at different scales to model 
impact damage and to use parametric studies, to determine the importance of impact 
damage parameters and their effect on the residual structural stiffness. The focus is on 
using generic representative models that are validated against experimental results 
rather than replicating individual experiments. Finally a nonlinear homogenised model 
of the impact damage region is to be developed, based on the important parameters 
determined by the detailed models, capturing material and geometric non-linearities 
while being suitable for inclusion in large structural models. This soft inclusion model 
allows studies of the influence of the impact damage on large structures such as skin 
stringer panels. The presence of impact damage can change the buckling behaviour and 
residual stiffness of the region where the impact occurred and the corresponding soft 
inclusion can be used to determine how the stress concentration caused by the impact 
damage would affect the structure.  
1.2.3 Originality of Research  
The research presented in this thesis is considered original because it considers the non-
linearity of the material behaviour due to micro-mechanics of plies with broken fibres, 
and also the geometric non-linearity of impact damage regions through the sequential 
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buckling and post-buckling of individually delaminated plies. Furthermore the research 
identifies the importance of particular impact damage parameters based upon generic 
idealised models of impact damage regions that use representative delamination shapes 
and fibre fracture crack distributions, rather than specific cases, where the actual 
delamination shapes and fibre fracture crack distributions have been replicated. 
 
Chapter 3 considers impact damage regions loaded in tension and has identified 
important parameters not previously published in the literature, the importance of the 
presence of delaminations for significant stiffness reduction in tension and that fibre 
fracture cracks in all plies contribute significantly to the stiffness reduction of the 
region, Craven et al. (2008). 
Chapter 4 studies the behaviour of fibre fracture regions under compressive loading, 
Craven et al. (2009b), which has not been previously discussed in the literature and 
determines that clusters of fractured fibres buckle against each other rather than 
allowing interpenetration like bristles on a brush. 
 While there have been studies published in the literature which model multiple 
delaminations under compressive load Chapter 5 focuses on using realistic shaped 
delaminations i.e. peanut and twin ellipse shapes, which are original because they 
replicate the delaminations more closely than circular or elliptical delaminations that 
have been used before.  
Chapter 6 develops the concept implemented for the HNL soft inclusion and is also 
original because it uses a non-linear material model to capture both material and 
geometric non-linearity. 
1.3  Thesis Layout 
To summarise, this thesis considers BVID impact damage under tensile and 
compressive loading. Detailed models of the impact damage are constructed in FE and 
are used to identify the relative importance of different impact damage parameters. 
These models are used to develop a set of guidelines for modelling impact damage, and 
to provide data for a homogenised non-linear soft inclusion, which can be used as a 
design tool replicating impact damage simply in a large structural model. 
In order to indentify the importance of the different impact damage parameters the work 
has been split into four main sections, detailed below. This is preceded by a review of 
the relevant literature and followed by conclusions and suggestions for further work. 
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The appendices contain copies of journal and conference papers published and the code 
for the soft inclusion VUMAT model. The breakdown of each chapter is as follows, 
 
• Chapter 2 Literature Review: A brief literature review of the causes and 
damage mechanisms of impact damage, parameters affecting impact damage, 
and modelling of impact damage, experimentally, analytically and numerically. 
• Chapter 3 Tensile Stiffness Reduction Models: A study of the behaviour of 
impact damage under tensile loading. With an in depth study on the effect of 
size and relative position of fibre fracture cracks on tensile stiffness culminating 
in a validation of FE modelling techniques using experimental results. 
• Chapter 4 Compression of Fractured Fibres: A micro-mechanical approach is 
used to determine the behaviour of fractured fibres under compression and 
consequently their contribution to the residual stiffness. This is done by 
modelling individual fibres and clusters of fibres embedded in an elastic-plastic 
matrix under compressive loading. 
• Chapter 5 Compressive Stiffness Models: Based on the detailed models 
developed for the tensile stiffness study and incorporating the results from the 
compressive fractured fibre models. This chapter looks at the effects of different 
impact damage parameters on the local buckling of the impact damaged region.  
• Chapter 6 Modelling of Impact Damage: This chapter draws together the 
conclusions from the previous chapters to develop a methodology for modelling 
impact damage numerically and uses these conclusions to develop a simple non-
linear soft inclusion model, which is developed and validated and then compared 
with coupon level experimental results. 
• Chapter 7 Conclusion lists the conclusions of this thesis and the contribution to 




Chapter 2  
Literature Review 
This chapter presents a brief overview of the literature relating to impact damage and 
will identify the type of barely visible impact damage (BVID) that the work presented 
in this thesis is attempting to model. The three different damage mechanisms which 
contribute to the stiffness reduction caused by impact damage and their relative 
interactions are described and the external parameters that affect the severity of the 
impact damage such as the material properties and geometry of the impacted plate are 
also discussed. 
Attempts to artificially recreate impact damage will be briefly covered along with a 
more in depth discussion of the attempts to model impact damage or particular 
mechanisms of impact damage using analytical and computational techniques. 
Finally a conclusion of the main findings of the literature review has been given. 
2.1 Introduction to Impact Damage 
Laminated carbon fibre composites are being used extensively by the aerospace, 
defence, automotive and many other industries. They are used because of their high 
strength, stiffness and low weight, which make them advantageous over metal 
components. However, laminated composites are susceptible to impact damage, which 
causes internal damage and reduces residual strength. Impact can occur through a 
foreign object striking a structure or by a complete vehicle colliding with a rigid object 
or another vehicle, i.e. an aircraft or car crash. The latter is normally considered as 
‘crashworthiness’ and is not considered in this review, Abrate (1991). 
The case of foreign body impact can be subdivided by impact velocity, this report will 
concern itself with low velocity impact damage. Typically this is caused by, dropped 
tools during service or manufacture, impact from runway debris or stones, where the 
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impacts caused are in the region of 50 J. Higher impact energies are generally attributed 
to ballistic impact from bullets and missile fragments and are in the order of 20 kJ. 
Hypervelocity impact is the term given to particles and space debris hitting satellites 
and space craft and is in the region 245 kJ, Abrate (1991). 
A better method of classifying impact damage is to consider the mass and velocity of 
the impactor, because an impactor with low mass and high velocity can have the same 
impact energy as a high mass with a low velocity although the response and damage 
may be quite different, Figure 2.1, Davies and Olsson (2004). This observation is 
supported by Bland and Dear (2001) as the behaviour depending on velocity is very 
different for the same mass. 
 
Figure 2.1 Damage by 10 J impact with 10 g (left) and 1.5 kg (right) mass; Olsson (1999) 
The same effect can also be seen for impactor density with an aluminium impactor 
compared to a steel impactor at the same impact energy, Kumar and Rai (1993). Low 
velocity impacts can be considered quasi-static, for impact velocities below 100m/s 
where the impact response is such that the whole structure deforms and waves are 
allowed to propagate to the boundary of the structure and reflect back, Abrate (1991). 
Although the impact mass being similar to the mass of the structure is the critical factor 
in the structures impact response rather than the impact velocity, Olsson (1999). 
Low velocity impact is a common form of damage, and is the damage that is arguably 
the most serious because it is almost impossible to detect with little or no surface 
damage, which is why it is called BVID or barely visible impact damage. This is 
because the damage is contained within the plies in the form of fibre damage, matrix 
cracking and delamination between plies without any visible signs of damage on the 
surface. BVID is a hidden menace and can reduce the residual strength locally in 
compression of a structure by up to 60% of its undamaged value, Hull and Shi (1993) 
and Davies and Olsson (2004). This local stiffness reduction will have significant effect 
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on the compressive strength of the larger structure particularly for skin stringer panels, 
Greenhalgh et al. (2003) and Falzon (2009). 
The next section will briefly summarise the typical causes of these BVID and the 
typical locations on an aircraft and the typical energies at which these impacts occur. 
2.1.1 Causes of Impact Damage 
Impact damage at low impact energies can in real life occur through; manufacture, 
routine maintenance or debris kicked up by wheels during taxing or take off. A table of 
typical impact damages and their associated energies for a military fighter aircraft has 
been drawn up by Cantwell (1985) and can be seen in Table 2.1. 







































While these impact risks are specifically associated with aircraft, there are several 
impact risks that are applicable to other composite structures, which are likely to come 
into contact with hail or lofted debris from wheels or is subjected to impacts from 
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dropped tools or collisions with other structures, such as boat hulls, racing cars and even 
bike frames and tennis and squash racquets. 
 
2.2 Characterisation of Impact Damage 
Impact damage is a complex accumulation of matrix cracking, delamination and fibre 
fracture, all of which are interacting and competing damage mechanisms which are also 
dependent on the material and geometric properties of the laminate, Abrate (2005). 
Impact energy or velocity it is also a factor affecting impact damage, but from studies in 
which impact velocity alone was varied it is possible to say that there is an energy 
threshold for each laminate below which no damage occurs, Abrate (1991). 
The energy from the impact up to this point is absorbed by elastic deformation of the 
laminate, Jegley (1992). Matrix cracking is usually considered the first damage 
mechanism to be initiated followed by delaminations which are usually triggered by 
matrix crack propagation, Boll et al. (1986). Fibre fracture has been shown by Hosur et 
al. (1998) and Álvarez (1998) to occur above a second energy threshold, above which 
fibre fracture has become the dominant damage mechanism and delamination growth 
has reduced to a negligible amount. 
2.2.1 Matrix Cracking 
Matrix cracking is generally considered the first damage mechanism to initiate and 
propagate during impact damage, Hull and Shi (1993), Sjögren (1999) and Schoeppner 
and Abrate (2000) provided the impact energy is sufficient to cause damage, Jegley 
(1992). Matrix cracking is caused primarily by transverse shear stresses, membrane and 
flexural stresses within the laminates and is centred on the impact damage location 
Sjögren (1999) and Davies and Olsson (2004). For epoxy and PEEK based matrix 
laminates matrix cracking is generally spread evenly throughout the thickness of the 
laminate, although depending on the lay-up and geometry matrix cracking can found 
only in the lower in half of the laminate, which is under tensile load. The distribution of 
these matrix cracks depends on the span to thickness ratio and lay-up, Srinivasan et al. 
(1992). 
Figure 2.2 shows a matrix cracking that can be clearly seen. Matrix cracks are normally 
inclined at an angle of between 35º and 50 º, this is due to the shear stresses applied to 
the ply by the dissimilar fibre angles of the above and below plies extending different 
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amounts due to the bending of the laminate caused by the impact response of the plate, 
Choi and Chang (1992) and Wang and Karihaloo (1997). 
 
Figure 2.2 Matrix cracks in a quasi-isotropic laminate; Boll et al. (1986) 
Sjögren (1999) suggests that the matrix crack tips act as initiation points for 
delaminations, between plies and fibre breakage, which seriously affects the mechanical 
properties of laminate after impact. Delaminations are normally caused when matrix 
cracks reach the ply boundaries and grow along them as shown by Boll et al. (1986). 
2.2.2 Delamination 
Delaminations occur during impact at energies above a threshold where the bending due 
to impact response alone cannot absorb the impact energy, Olsson (1999). 
Delaminations tend to grow along the matrix rich regions between the plies but along or 
close to the fibre matrix boundary as this provides a low-energy path of the 
delamination to follow, Boll et al. (1986) and Schoeppner and Abrate (2000) and 
applies to epoxy and thermo plastic matrix materials, Bishop (1985). Figure 2.3 clearly 
shows the delaminations following along the ply boundaries and in the case of the lower 
crack initiated from a matrix crack. 
 
Figure 2.3 Delaminations in Cross Ply Laminate; Álvarez (1998) 
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Delaminations tend to follow the fibre direction on the lower ply interface assuming the 
impact occurred on the upper most surface, Abrate (1991). Delaminations are normally 
considered to be ‘peanut’ or ‘key hole’ shaped, Davies and Olsson (2004) although 
based on fractographic observations Hull and Shi (1993) suggested a split peanut shape 
with an un-delaminated strip across the middle of the peanut. 
 
Figure 2.4 Delamination shapes: a) Peanut; Abrate (1991) and b) Split peanut; Hull and Shi (1993) 
As delaminations occur through the thickness of the laminate and for a quasi isotropic 
(QI) laminate with 0º, ±45º and 90º plies, there are four fibre orientations, so the 
delaminations step down through the laminate like a helix or spiral staircase. This can 
be seen in Figure 2.5, which is a C-scan image of impact damage taken from the front 
and back faces of the laminate.  
 
Figure 2.5 C-scan images of an on-axis specimen subjected to a 1.91 J/mm impact: (a) Impacted 
side and (b) backside; Uda and Ono (2009) 
The circular distribution observed in the above figure is due to the QI lay-up of the 
laminate, if the laminate was a cross-ply or orthotropic the distribution of delaminations 
would be more elliptical in shape, Joshi and Sun (1985). 
Delaminations generally occur in interfaces between plies with dissimilar angles, where 
the larger the ply mismatch angle the greater the delamination size, Hull and Shi (1993), 
Hitchen and Kemp (1995) and Sjögren (1999). Liu (1988) explained the occurrence of 
delaminations between plies of dissimilar angles as being caused by the bending 
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stiffness mismatch between the upper and lower plies, and that the larger the mismatch 
angle between plies the larger the delamination, i.e. 90º between 0º and 90º or ±45º plies 
is the worst case which will cause the largest delaminations. Thus, for a 5º degree 
mismatch angle the delaminations will be much smaller and for 0º mismatch angle there 
would be no delaminations. Some articles have suggested that delaminations do not 
occur between plies of the same fibre orientation, Abrate (1991) and de Freitas and Reis 
(1998). Hosur et al. (1998) have, however, observed delaminations that formed along 
the interface between plies of the same orientation as a result of impact loading on the 
plate. 
2.2.3 Fibre Fracture 
Fibre fracture is the most severe damage mechanism and occurs at the highest impact 
energy after matrix cracking and delamination have already occurred. Fibre fracture 
tends to occur clustered around the impact centre and extends to roughly half the 
diameter of projected circular delaminations, Sjögren et al. (2001). Fibre fractures 
generally occur as extensions of matrix cracks in the adjacent upper ply and 
perpendicular to the fibres, Pavier and Clarke (1995). Fibre damage is relatively more 
extensive in thin (16 ply) laminates than in thick (48 ply) laminates with fibre damage 
occurring in all plies for the thin laminate but only 20% of the plies for the thick 
laminate for a given impact energy, Elber (1983) and Sjögren et al. (2001), although 
they are found fairly evenly distributed through the thickness of the thick laminate, 
Abrate (1991) and Pavier and Clarke (1995). 
Fibre fractures occur by one of two failure modes depending on their location through 
the thickness of the laminate. If they are in the lower half of the laminate then fibre 
fracture occurs through tensional failure and in the upper half of the laminate under 
compressive shear failure, this can be seen in Figure 2.6. In the tensile fibres of the 0º 
uni-directional laminate studied by Simazeçlik et al. (2006) microscopic cracks grew in 
each individual fibre and propagated through from the tensile loaded side of each fibre. 
Due to good bonding between the matrix and the fibres and the brittle nature of the 
fibres there was very little pull out of the fibres from the matrix, so there were only 
short stubs of carbon fibre. 
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Figure 2.6 Fibre fracture compressive (left) and tensile failure (right); Simazeçlik et al. (2006) 
In contrast to the tensile failure, compressive failure occurs due to shear stresses which 
causes shear kink banding and shear failure of the fibres. This micro-buckling is 
associated with the shearing of the surrounding matrix which may lead to matrix 
cracking. Figure 2.7 shows close ups of both the tensile and compressive fibre fracture. 
 
Figure 2.7 a) Compressive and b) tensile fibre fracture in 0º ply; Simazeçlik et al. (2006) 
The next section will focus on the parameters that control the severity of these complex 
and competing damage mechanisms. These are both material and geometrical. 
2.3 Parameters Effecting Impact Damage 
This section identifies the parameters that control the extent and severity of the impact 
damage region, and the shape and distribution of the damage within the region. The 
section can be broken down into two main sub sections, one concerned with the 
materials, the fibres and matrix that make up the composite laminate and the other with 
geometric effects such as, laminate thickness and lay-up, boundary conditions, impact 
location on the plate, proximity to other impacts and the initial imperfect or dent caused 
by the impact. 
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2.3.1 Material 
A composite laminate is made up of two materials, a continuous fibre and a surrounding 
matrix material. The materials modelled in this research have all been carbon fibre pre-
pregs so the literature review is focused on carbon fibres and suitable matrix materials 
which are mostly epoxy although thermoplastic resins such as PEEK and PETI are 
considered to show the contributions of matrix properties to the accumulation of impact 
damage. 
Carbon fibre laminates are lighter and stronger than steel. This is largely due to the 
continuous fibres that are used within these laminates, which have a tensile strength in 
the order of 5 GPa, stiffness of 200 GPa and a diameter between 5 and 15 µm and 
lengths of several meters, Jones (1999). Fibres are now split into 3 basic groups, high 
modulus (HM ~ 380 GPa), intermediate modulus (IM ~ 290 GPa) and high strength (HS 
with modulus ~ 230 GPa and tensile strength of 4.5 GPa), Soutis (2005) 
Typical carbon fibres used in experimental studies of impact damage are, AS4, HTA, 
IMS, IM7, T300 and T800. Some of these fibres have higher stiffness and strength than 
others, for instance IMS is 25% stronger and 60% stiffer than HTA, Cartié and Irving 
(2002). The range of names is because they are trade names, produced by different 
companies such as Ciba-Geigy, Hexcel, Hercules and Toray etc. A higher fibre failure 
strain is highlighted as the most important material property, Abrate (1991). 
It is suggested that a higher fibre failure strain with the same elastic modulus would 
result in higher energy absorption by elastic flexure of the laminate before the onset of 
damage, Cantwell et al. (1986) and Curson et al. (1990). These authors also suggest that 
the increasing fibre stiffness will only increase damage resistance to a certain extent and 
increased matrix toughness is the essential material parameter to improve damage 
resistance and strength after impact, which also agrees with the findings of Lesser and 
Filippov (1994). 
Matrix materials used in CFRP are typically epoxy or PEEK although PETI and other 
resins have been used, Curson et al. (1990) and Katoh et al. (2005). Both Srinivasan et 
al. (1992) and Olsson et al. (2000) have shown that for increasing matrix toughness for 
both PEEK and epoxy materials, the delamination or damage area is lower for a given 
impact energy. It is suggested that the critical strain energy release of the resin is the 
controlling factor in impact damage, which is a theory supported by Cartié and Irving 
(2002). Baker et al. (1985) also support this theory and state it is because of the rubber 
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particles in toughened epoxies that limits delamination growth due to improved fracture 
toughness, which was the same conclusion as reached by Palmer (1981). 
Thermoplastic resins are more damage resistant because of their higher interlaminar 
fracture toughness which prevents the damage from propagating, particularly in 
delamination. However, these materials are more expensive and much more difficult to 
process in the production of laminates than thermosetting epoxies, Bascom et al. (1993). 
Another consideration raised by Simazeçlik et al. (2006) is the interface between the 
matrix material and the fibres. This affects the ability of the laminate to transmit load 
effectively through the laminate and distribute the load evenly between plies and 
individual fibres. Poor bonding between fibres and matrix will reduce the properties of 
the laminate particularly after impact, Jones (1999). The fibres are normally oxidised to 
improve the adhesion between the fibre and matrix materials, but increasing the bonding 
between the fibre and matrix to increase toughness reduces the mechanical properties 
because the brittle fibres prevent the matrix deforming plastically, Richardson and 
Wisheart (1996). 
Research by Katoh et al. (2005) has also suggested that tougher resins are more 
important than the fibres in reducing impact damage. PETI5 toughened resins were 
tested in comparison with a normal epoxy PMR-15 resin and it was found that for a 
given impact energy the delamination area of the PETI5 resin was only 5 or 6% of that 
of the normal epoxy resin, Katoh et al. (2005) postulate that this is because the PETI 
absorbs more energy in creating surface indentation. 
2.3.2 Geometry 
Material properties alone do not define the damage created during an impact. The 
stacking sequence of the plies has been shown to have an effect on the elastic energy 
absorption and the delamination size, Cantwell and Morton (1991) and Abrate (1994) 
although earlier studies had postulated that this did not have an effect, Levin (1991). 
The position of the impact on the plate has been shown to have an effect on the size and 
shape of the damage, Levin (1991) and Olsson et al. (2000). The boundary conditions 
also have an effect on the stiffness of the plate as does the thickness of the plate and this 
can affect energy absorption of the plate, Levin (1991), Cantwell and Morton (1991) 
and Abrate (1994). This also provides a critical consideration when using laboratory 
coupons to predict material properties of structural components, care must be taken 
when scaling models of the damage, as strength and stiffness are not linearly 
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proportional, Abrate (1994). Other geometric features that can have a significant 
influence are residual dents caused by the impact event, Grahn (2003), and the 
proximity to other impact damage regions or repeated strikes on the same region can 
also cause further stiffness reduction. 
Considering stacking sequence or lay-up, arguably this is the biggest advantage of 
composite materials over normal isotropic materials such as steel and aluminium 
because the plies can be orientated to the optimum angles to transmit the loads and can 
be tailored for specific situations to give optimum performance, Jones (1999). 
This gives many angles for the fibres to be aligned, and a virtually infinite number of 
stacking sequences. Even sticking to the four normal orientations, 0º, 90º, +45º and -45º, 
there are still 12 possible stacking sequences for four plies and these permutations 
increase with numbers of plies in the laminate. 
Normally balanced quasi isotropic laminates are used in the modelling of impact 
damage laminates as this alleviates the problems of bend-twist and bend-shear coupling, 
Jones (1999). 
Studies that have used quasi-isotropic laminates include, Elber (1983), Boll et al. 
(1986), Pavier and Clarke (1995), Sjögren (1999), Jones (1999) and Breen et al. (2006). 
Cross ply (0º/90º) lay-ups have been used by e.g. Álvarez (1998) and Symons (2000). 
The effect of stacking sequence on impact damage has been studied by several people, 
including Hitchen and Kemp (1995) and Morita et al. (1997). Morita et al. (1997) 
created a new stacking parameter β to quantify the effect of stacking sequence on 
impact damage based on interlaminar stiffness but found no conclusive results. Liu 
(1988) however developed a theory for the effect of mismatch angle between plies in a 
stacking sequence which gave good correlation for delamination sizes compared with 
experimental results. This relates the delamination size to the bending stiffness 
mismatch between two adjacent plies, where the bending stiffness is considered to be 
the load required to bend the two plies in a particular direction, which is controlled by 
the fibre orientation relative to the bending direction. Where there is a large the angle 
between fibre directions in adjacent plies, the bending stiffness mismatch is greater and 
the larger the delamination size will be, and for adjacent plies with the same fibre 
orientation the theory predicts no delaminations. 
Hitchen and Kemp (1995) postulated that by placing ±45º plies onto the face surface 
improved the residual properties of the laminates, and by increasing the number of 
dissimilar ply interfaces, there are more smaller delaminations but, the maximum 
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delamination size is reduced which also improves the residual stiffness of the laminate 
under compression testing. The effect of stacking or blocking of plies with the same 
fibre orientations together, to form a thicker ply of a particular orientation, is to cause 
fewer larger delaminations because there are fewer dissimilar ply interfaces for the 
delaminations to initiate at, so in order to absorb a given impact energy the 
delaminations are bigger than for a laminate with more dissimilar ply interfaces. The 
thicker layers of blocked plies also lead to an increase the matrix or transverse shear 
cracking in the blocked plies, compared with a laminate without blocked plies, Sjögren 
(1999). 
 This is in agreement with Abrate (1991, 1994), who suggest that lay-ups with the least 
dissimilar ply interfaces are the weakest, and that laminates with 0º surface plies are 
more susceptible to delaminations than laminates with ±45º plies onto the surface. This 
is due to the 0º load bearing plies being separated from the laminate by the delamination 
and being able to buckle more readily than if they were internal to the laminate, Baker 
et al. (1985). Wang and Karihaloo (1997) support this by suggesting that ply interfaces 
of less than 90° relative fibre angle are the most desirable as they allow delaminations to 
initiate to absorb damage but prevent delamination growth. 
The location of impact on a plate or structure is also of importance, and impact damage 
near stiffeners of clamped regions behaves differently than damage in the middle of the 
plate which also behaves differently to damage near a free edge. The damage along the 
longitudinal axis of a long plate away from the ends is pretty much independent of the 
impact location with damage being typically dominated by delaminations through the 
thickness of the material, Olsson (1999). Along supported or clamped edges damage is 
larger because the panel has become stiffer which reduces the ability of the laminate to 
absorb energy by elastic deformation. Thus, the damage becomes more severe and fibre 
fracture becomes more prevalent. The damage area and delaminations also elongate and 
become elliptical with the major axis aligned parallel to the boundary, Figure 2.8, 
Olsson (1999) which agrees with the earlier findings of Demuts (1985). 
This has also been demonstrated for the case of stringer stiffened panels, where 
depending on the location of the impact damage, i.e. mid bay, stringer foot or over a 
stringer, the shape and severity of the damage is different, Greenhalgh et al. (1996) and 
Greenhalgh and Hiley (2003). 
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Figure 2.8 Influence of Impact Location on Damage size for a given impact energy; adapted from 
Olsson (1999) 
The laminate thickness, or span to thickness ratio, also affects the extent of the damage. 
This is as a result of the size of the panel between supports relative to the thickness of 
the plate. Laminates with a large span to thickness ratio tend to have a conical 
distribution of delaminations from the impact centre on the top surface, while laminates 
with a small span to thickness ratio display a more barrel shaped delamination pattern, 
Sjögren (1999). The span to thickness ratio is also reflected in the way delaminations in 
the damage region initiate and grow. In thin laminates they initiate at the mid plane and 
are conical in distribution, through the thickness although a single large delamination 
may propagate on the penultimate ply interface. Thicker laminate delaminations grow 
from the impacted surface and are barrel shaped in distribution through the thickness, 
Figure 2.9, Olsson et al. (2000). 
 
Figure 2.9 Damage initiation and growth in thick and thin laminates; Olsson et al. (2000) 
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Impact along free edges causes massive delamination along the edge as the 
delamination finds it easier to propagate along a free edge with support from laminate to 
resist its growth allowing delaminations two or three times larger than those caused by 
an impact in the middle of a plate, Figure 2.10, Breen et al. (2006). Free edge locations 
also tend to have reduced fibre fracture for given impact energy as more energy is 
absorbed through deformation and delamination, Jegley (1992) and Breen et al. (2006). 
 
Figure 2.10 Extent of delamination in 8mm laminate after 180J impacts; Breen et al. (2006) 
The fact that the location of the impact on the plate and the proximity to the supports 
controls the behaviour of the damage region so strongly, suggests that the boundary 
conditions surrounding the plate are very important. In large structures the boundary 
conditions are often difficult to completely describe, but for experimental tests with 
smaller coupons, the boundary conditions can often be described as clamped, simply 
supported or free. Clamped edges prevent any displacement in the, X, Y and Z 
directions and prevents rotation in the; XY, XZ and YZ planes. Simply supported 
conditions ideally prevent displacement in the X, Y and Z directions but allow rotation 
about the in-plane tangent of the edge. In practice in-plane sliding can occur for both 
clamped and simply supported edges. Free edges obviously place no constraint on the 
movement of the laminate. 
Many studies use plates that are clamped on all 4 sides, using steel or aluminium frames 
much thicker than the laminate that are bolted together, with either a circular or square 
window for the laminate to be impacted in. Square clamped fixings have been used by 
Boll et al. (1986), Srinivasan et al. (1992), Álvarez (1998) and Sjögren (1999). Circular 
clamps have been employed by Pavier and Clarke (1995), Hitchen and Kemp (1995) 
and Breen et al. (2006). Provided that the clamped edge is far enough away from the 
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impact location, the constraints of the boundary conditions will have negligible effects 
on the impact, because the laminate will be allowed to deform and absorb the impact 
energy elastically, the location of the impact damage in relation to supports and the 
nature of the support will have a significant effect on the size and shape of the impact 
damaged region. 
Another important factor related to the location of the damage region, can be the 
location of the impact damage region relative to adjacent impact sites and the effect of 
repeated impacts on the same site. Levin and Östman (1995) conducted experiments on 
both neighbouring impacts and repeated impacts. For neighbouring impacts they found 
that the impact behaved independently unless the impact locations were so close that the 
damage regions intersect, then additional delamination and matrix cracking occurred 
between the two impact sites, this is supported by the modelling work conducted by 
Galea et al. (1995). For repeated impacts on the same site Levin and Östman (1995) 
observed that there is no increase in damage size. For neighbouring impacts the size of 
the damage region was found to be equal to the superposition of two separate impacts. 
 Wyrick and Adams (1988) however had previously suggested that, for impacts up to 
penetration, a couple of impacts at a higher energy caused less damage than many 
repeated impacts at a lower energy. 
The final geometric parameter that affects the impact damage behaviour and residual 
strength of the laminate after impact is the initial imperfection or dent left in the surface 
by the impactor. Levin (1991) classified a 2 mm deep dent as BVID, for a 24 ply 
laminate, and depending on the source dent depth for BVID damage is currently 
typically classified as between 0.1 and 0.5 mm. While this sounds insignificant, Grahn 
(2003) conducted a study of the effect of initial imperfection using FE software and 
found that initial imperfections reduced the opening and size of sublaminate buckle and 
for indentations greater than 100% of thickness of 2 mm laminate they could even 
reverse global buckling direction, which suggests that the initial imperfection or dent 
could have significant effect on the damage behaviour after impact. 
This section has identified the material and geometric parameters which influence the 
severity and shape of the damage that occurs after impact and the damage mechanisms 
that they influence, which is important to understand when trying to idealise impact 
damage and understand the influence of different parameters. The remainder of this 
literature review will focus on modelling of impact damage starting with modelling 
impact damage experimentally. Some studies have also suggested that dent depth can be 
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used as a metric to determine damage severity, Caprino (1983) and Wardle and Lagace 
(1997). However, Olsson (1999) has shown that there is no correlation between impact 
damage extent and dent depth. 
2.4 Artificial Experimental Impact Damage 
This section looks at attempts to model impact damage experimentally and the 
techniques used to simplify the impact damage region so that it can be modelled 
experimentally. While the focus of this research is to build numerical models that 
represent impact damage, the methodology for simplifying the damage used 
experimentally is still applicable to numerical models. Many studies have idealised 
impact damage by using a single circular or elliptical Teflon film placed between two 
plies before curing to represent impact damage by a single or delamination, Nilsson 
(1997), Nilsson et al. (2001a) and Nilsson et al. (2001b). Some studies have even used 
multiple delaminations created in this way, Suemasu et al. (1998) and Short et al. (2001) 
although Short et al. (2001) used square delaminations. 
A more realistic attempt to recreate damage was conducted by Clarke and Pavier (1993) 
who obtained a model of impact damage in a coupon using fractography and destructive 
techniques to observe the size extent and position of fibre fracture cracks and 
delaminations in the impacted sample. They then recreated this damage in an idealised 
fashion, using square and rectangular Teflon films to represent delaminations and used a 
scalpel to cut the fibres where they had observed fibre fracture cracks. They obtained 
reasonably good correlation between the artificial and experimental damages, Pavier 
and Clarke (1995) and were even able to model this artificial impact damage using a 
bespoke FE code, Pavier and Clarke (1996). 
Creating fibre fracture cracks in this way was emulated by Olsson et al. (2003) who 
used the technique to create a star patent of fibre fracture cracks in the laminate before 
curing, believing that fibre fracture cracks alone were important in residual tensile 
strength, although this was seen not to be the case. Olsson et al. (2003) also used soft 
inclusions made by casting an epoxy resin filled with glass beads into a hole cut in a 
specimen. While good results compared with theoretical predictions were achieved at 
low strains the soft inclusion popped out of the hole at higher strains due to poor 
interfacial strength between inclusion and laminate. 
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2.5 Analytical Models 
This section focuses on analytical models and closed form solutions that have been 
developed to model impact damage or a particular aspect of impact damage such as 
delaminations. While there is a large body of work that has been conducted on 
delamination growth, this will not be included in this section as delamination growth is 
not considered in this research. Similarly global buckling of plates and beams with 
damage is not considered, as only the local buckling of the damage region has been 
considered in this research. This section can be split into two main categories, models 
which consider one particular aspect of damage such as delamination and models which 
have a homogenised approach to the whole region such as soft inclusions. 
2.5.1 Matrix Cracking and Fibre Fracture 
Fibre fracture is considered the dominant failure mode in tension, particularly fibres that 
are aligned in the load direction. Consequently it is generally assumed that the tensile 
strength can be directly calculated in the reduction of cross sectional area for 0º fibres. 
This means that fibre fracture for a tensile sample can be simply modelled as a hole, or 
slit, equal to the width of fibre facture observed from the impact, Abrate (1991). 
Under compressive loading fibre fracture and matrix cracking are modelled by material 
degradation models such as those by Hashin (1985) where the material properties are 
based on the stress field in the damage area. This is similar to the model employed by 
Xiong et al. (1995), who as part of their buckling failure models assumed that the ply 
properties of the sublaminate were degraded by way of a reduced axial modulus, which 
was based upon the stress/strain ratio for the buckling sublaminate in comparison with 
the unbuckled laminate. The model did, however, not account for stiffening in 
postbuckling. 
There have been very few studies on the effect of matrix cracking on the residual 
mechanical properties of a laminate after impact. They are normally either ignored 
completely or assumed to degrade based on the predicted stress state within the laminate 
using a failure criterion such as the Hashin failure criteria, Hashin (1985) and Cesari et 
al. (2007). Wang and Karihaloo (1997) have, however, looked at modelling the growth 
of matrix cracks and how they can trigger delaminations when they intersect at the 
interface between plies. The model by Wang and Karihaloo (1997) is only of little 
interest when considering the effect of impact on the residual mechanical properties on 
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a laminate, because they consider the growth of a single matrix crack. However they do 
state the ideal mismatch angle between plies to limit matrix cracking and delamination 
to be between 40º and 45º. This model is very similar to the one used by Hashin (1985), 
where he looked at the effect of cracks on the reduction of tensile strength in the 90º ply 
of a [0º/90º]s cross ply laminate assuming that the cracks were a finite distance apart and 
studied through analytical models and studied the stress strain fields created by these 
cracks under tensile and shear loading and their effect on the stiffness of the laminate. 
A few people have considered the effects of matrix cracking on the tensile stiffness 
reduction, Hashin (1985), Shen and Li (2004), Balhi et al. (2006), Joffe and Varna 
(1999), Varna et al. (1999). Hashin and Balhi, looked at matrix cracks in CFRP 
laminates while Joffe, Varna have looked at the stiffness reduction caused by matrix 
cracks in a cross ply laminate based on the approach by Hashin. Shen and Li looked at 
the influence of crack size and distribution on the residual stiffness for an isotropic 
plate. The model developed by Shen and Li (2004) is purely analytical with limited FE 
modelling to support their findings. The paper mainly focuses on the method of the 
numerical simulation rather than the actual effect of the cracks, but the effect of the 
crack density on the stiffness of the plate is shown. The model by Balhi et al. (2006) is 
based upon experimental investigation into the growth of matrix cracks. A variety of 
laminate lay-ups were studied and matrix cracks were initiated at set distances along the 
edges, by cutting parallel to the fibres in individual plies during lay up, and observing 
crack growth using non destructive methods, while loading in tension. The results of 
these observations were then modelled in FE to determine the effect of increasing crack 
density on the stiffness of the laminate. It is important to note that the measures of crack 
density by Shen and Li (2004) and Balhi et al. (2006) are subtly different. Balhi et al. 
(2006) do not explicitly state the formula they used to calculate crack density, but the 
units are given as (mm-1). Shen and Li (2004) use a dimensionless parameter for their 







21ρ  (2.1) 
where the crack half length, li is squared for each crack before being summed and 
divided by the area, A. This results in mm2/mm2 which is a dimensionless unit. Both 
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models, however, clearly show a stiffness reduction in tension for increasing crack 
density. 
Caprino and Lopresto (2000) have postulated another model for predicting the residual 
tensile strength of impacted laminates after impact. They were taking a model that has 
already been proposed to predict the residual strength of impacted composite laminates 
as a function of impact energy and combining that with a study of indentation depth as a 
function of impact energy, Caprino (1983). They produced a model of residual tensile 
strength based on the depth of the indentation. The analytical model was found to be in 
good agreement with experimental results and to be independent of the, material 
properties, laminate thickness or fibre orientation. However, it is much easier to model 
the tensile strength reduction of a laminate than the compressive stiffness reduction and 
Olsson (1999) has previously shown that there is no correlation between damage extent 
and the size of the dent, or of the impactor size. 
2.5.2 Delamination Buckling 
One of the main failure mechanisms for impact damaged laminates in compression is 
reduced buckling load caused by the buckling of multiple sublaminates and unstable 
delamination growth. Delamination growth is beyond the scope of this research as the 
focus is on identifying the importance of relative parameters on the residual stiffness so 
damage growth is not considered. This section presents a review of the buckling models 
for beams and plates with single and multiple delaminations. 
Over the last thirty or forty years there have been many studies of delaminations in 
composite beams. Although they give a good initial understanding of the problems 
associated with delaminations in laminates, they do not completely capture the 
behaviour of delaminations seen in composite plates. Therefore a representative 
collection of studies and methods implemented to solve the problem of beam buckling 
has been chosen to show the trends in the modelling of beams with single or multiple 
delaminations undergoing buckling. These include, Sheinman and Soffer (1991), 
Suemasu (1993a), Adan et al. (1994), Wang et al. (1997), Gu and Chattopadhyay (1998) 
and Shan and Pelegri (2003). 
Sheinman and Soffer (1991) made a study of the effect of a single delamination on the 
post-buckling of beams, studying the effect of length and depth of the delamination on 
the buckling loads and buckling mode. This was conducted for isotropic and anisotropic 
beams. The numerical analysis is based on the von Karman kinematic approach, where 
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the beam is split into sections and the buckling of each section is analysed separately 
before being combined to give the solution, Figure 2.11. The reduced bending stiffness 
approximation of Whitney (1987) was used to more accurately capture the bending-
stiffness of the beam, which is affected by the bend-stretch coupling. If this 
approximation by Whitney (1987) had not been included the model would not have 
captured the reduction in bending stiffness caused by delamination growth and 
consequently overpredicted the buckling strains. 
 
Figure 2.11 Sectioned beam for buckling analysis; Sheinman and Soffer (1991) 
Sheinman and Soffer (1991) concluded that the length and depth of the initial 
delamination has a large effect on the buckling mode, and whether the laminate fails in 
a global-local buckling mode or a purely global mode. This work was extended to look 
at two delaminations in the beam by Adan et al. (1994) who found that having two 
cracks at different depths reduced the buckling load. The most significant reduction was 
for the cracks overlapping by exactly half. Wang et al. (1997) extended the same 
approach to modelling the buckling problem. Rather than using a complicated exact 
solution, they used the Bernoulli-Euler model of buckling, and split the beams into 
sections as shown in Figure 2.11 to look at the effect of size and number of 
delaminations as well as having two delaminations of different sizes parallel to each 
other and not centrally located along the length of the laminate, concentrating on the 
methodology of the model rather than the buckling equation used. 
Suemasu (1993a) compared analytical models of delaminated beams with 
experimentally delaminated beams and developed an approach based on Rayleigh-Ritz 
method and Timoshenko type shear effects. He looked at the effect of having three and 
seven separate delaminations in his models and the effect of length and position along 
the length of the beam of these delaminations on the buckling strain and buckling mode 
of the beam. It was concluded that, although the model is efficient, a large number of 
trial mode functions are required to get convergence of the buckling mode strain. 
Gu and Chattopadhyay (1998) have used the same approach of separating the beam into 
sections and solving each section separately. However they have modelled the problem 
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using a buckling equation based upon elasticity theory, which they say can improve the 
accuracy by 100% for a multi layer orthotropic laminate compared to a buckling 
equation based on classical laminate theory (CLT). This is because the elasticity based 
theory includes the effect of transverse shear and transverse normal deformation which 
are ignored by CLT. This also avoids the problems of thick and thin laminate 
approximations which have to be considered for CLT, because their theory is applicable 
to all thicknesses of a laminate. They have also conducted a study into the effects of 
delamination length using their new theory compared with a higher order theory and 
CLT and find that they converge for longer delamination lengths. This is because the 
buckling modes increase in order and the effect of transverse shear within the laminate 
becomes negligible as the delaminations grow in length. This suggests that for short 
delamination lengths CLT is not an applicable or suitable approach, and a method such 
as the one by Gu and Chattopadhyay (1998) should be used. 
More recently Shan and Pelegri (2003) have developed a model using the same 
methodology of sections but have developed their own buckling equations that can 
account for thicker sublaminates than the classical thin film approach and have achieved 
good results compared with results taken from the literature. The advantage of this 
model is that it can be easily extended to model the contact behaviour between the 
sublaminate and base laminate which occurs at the ends of the delamination region due 
to the buckling mode. 
Single and multiple delaminations in plates have normally been modelled using the 
Rayleigh-Ritz (R-R) method to approximate the buckling mode shape of the buckled 
sublaminates. One of the first studies of this problem was by Shivakumar and 
Whitcomb (1985) who modelled a single elliptical sublaminate buckling in isotropic, 
quasi-isotropic (QI) and orthotropic sublaminates, and studied the effect of fibre angle 
and size and proportions of the delamination and the effect on the buckling load. Their 
model was based on the Trefftz criterion and a three term solution for the R-R method. 
They compared these results with simple FE models and found that their R-R method 
was accurate for all but highly anisotropic laminates where ignoring the bend-twist and 
shear-extension coupling resulted in significant errors. They also found that even for a 
uniaxially loaded laminate, the sublaminate is almost always in a biaxial stress state due 
to a mismatch of Poisson’s ratio or material anisotropy, and this could lead to buckling 
occurring in the sublaminate even if the base laminate was under a tensional load. 
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Chai and Babcock (1985) used an R-R method to study sublaminate buckling, for 
isotropic and orthotropic plates. The focus of their work was mostly using these 
buckling models to study delamination growth, particularly in the direction of 
delamination growth, which the model predicts to be perpendicular to the loading 
direction, which agrees with experimental observations. Flanagan (1988) also used the 
R-R approach to model delamination growth although this was for elliptical 
delaminations rather than circular though. This is similar to the theoretical work 
conducted by Yin and Fei (1988) and Yin (1988), who used the von Karman buckling 
equations to look at delamination growth in circular delaminations in plates. The work 
initially focused on developing the models for the delamination growth initially in 
isotropic plates, although later work was extended to anisotropic plates, Yin and Jane 
(1992) and Jane and Yin (1992). Whereas the models by Chai and Babcock and Yin 
needed buckling for delamination growth, Madenci and Westmann (1993) have taken 
the delamination growth models a stage further by using instability equations, so that 
the delamination that grows before buckling due to compressive loading can also be 
modelled. 
Davidson (1989) based his model of delaminations on the R-R model derived by 
Shivakumar and Whitcomb (1985) and extended it to model multiple delaminations 
through the thickness of the laminate, using elliptical delaminations. The model also 
assumes that each sublaminate carries its full load up to the point of buckling, when it is 
assumed to carry no additional load. This model ignores postbuckling stiffness and 
contact forces which would occur in reality in such a stack but it is an improvement on 
the model by Shivakumar and Whitcomb (1985) because it uses multiple delaminations, 
which is more realistic. 
The work of Shivakumar and Davidson has been further extended by Li et al. (1999) by 
expanding the R-R equation to a six term polynomial model for the delamination buckle 
and added a Winkler foundation. The model is similar to the elastic foundation used by 
Vizzini and Lagace (1987) to improve the modelling of higher order buckling terms, so 
that delamination forms a buckling mode more closely reminiscent to that observed in 
experiments, as can be seen in Figure 2.12. 
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Figure 2.12 Comparison of buckling shape for Shivakumar model with Li model; Li et al. (1999) 
This shows that the Winkler foundation allows for the sublaminate to buckle at a higher 
order and to deform into the base laminate section. The results seem to agree with the 
general trends from experimental observations; although more work would be required 
to validate this model. It is also suggested, Davidson (1989), that the ellipse modelled 
should actually be two ellipses with a common major axis alignment to model the 
lemniscates shape of the actual delamination. 
Gottesman et al. (1994) also produced a model of delamination based upon the model 
by Shivakumar and Whitcomb (1985) in a similar manner to Davidson (1989) although 
their model uses concentric rectangles which get larger through the thickness of the 
laminate, as this was based on an increasing delamination size through the thickness of 
the laminate, Figure 2.13. 
 
Figure 2.13 Damage Model; a) impact region, b) impact damage through thickness, c) shape of 
impacted delaminations, d) rectangular delaminations used in model; Gottesman et al. (1994) 
The model uses CLT to model the buckling of each sublaminate and the load is applied 
in increments and after each increment the plies are subjected to the buckling test. If the 
sublaminate has buckled it is assumed to carry no more load. Thus, the increasing load 
is distributed between the remaining layers in the same way that Davidson (1989) 
modelled the problem. The model showed good correlation with the experimental 
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results although detailed C-scan information was required to get the sizes of all 
delaminations. 
Suemasu et al. (1998) and Suemasu et al. (1999) extended the previous models of 
multiple circular delaminations, Suemasu and Majima (1996, 1998), representative of 
impact damage, to model the effect of these delaminations on the residual compressive 
strength of the laminate. They concluded that the delaminations normally grew 
perpendicular to the loading direction, before failing due to sublaminate buckling which 
started off symmetrically and moved to antisymmetric buckling as the buckling load 
increased. The effect of the number of delaminations was also studied and the R-R 
method was seen to hold up in comparison to experimental studies. This is in agreement 
with the other studies experimental and analytical of multiple delaminations. These 
studies suggest that increasing numbers of delaminations reduces the global buckling 
load of the laminate due to lower individual buckling loads of the sublaminates. 
The next section will focus on homogenising these damage regions rather than treating 
them as multiple delaminations as the work by Suemasu has done.  
2.5.3 Residual Properties 
When considering the impact damage region as a whole, the damage is normally 
homogenised into one region, which is treated as a hole or a slit, Lal (1983), or as a soft 
inclusion region, which represents damage by degrading the properties of that region 
compared to the undamaged material, Cairns (1987). 
In tension equivalent hole models are a good approximation provided the extent of fibre 
fracture is known, as this is the controlling dimension for the equivalent, hole or slit. A 
hole or slit equivalent to the size of the largest delamination would over-predict the 
stiffness reduction. However in compression the models are not correct, although Soutis 
and Curtis (1996) have suggested that these models can still be used and achieve good 
agreement with the experimental results, but the damage mechanism proposed in the 
model is kink band formation, which is usually incorrect for impact damage, as failure 
is due to delamination growth propagated by local buckling of delaminated 
sublaminates. 
Rhead and Butler (2008) have proposed another simple analytical model to predict the 
residual strength of impact damaged laminates in compression. This uses a strip 
buckling model VICONOPT which is applied to a circular delamination which it 
models as a series of thin film strips to predict the buckling strain required for this 
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sublaminate to buckle. This buckling strain is used to predict the strain required for 
delamination growth, where the diameter of the circle is obtained from C-scan and is 
equivalent to the largest delamination, which they assume to be located at 20% of the 
thickness from the back face. However, the model predicts delamination growth in the 
loading direction, while all experimental observations reported in the literature present 
delamination growth perpendicular to the loading direction. The predicted direction also 
disagrees with the models of Chai and Babcock (1985) and Whitcomb (1989a). This 
model was later expanded, Rhead et al. (2008), to consider all delaminations within the 
bottom 20% of the plate thickness, as it was noted that the critical delamination always 
occurs within this section of the laminate. The expanded model also uses a circular plate 
rather than a beam model to predict the strain required for delamination growth. 
However Poisson’s ratio effects are still ignored and the delamination growth is only 
allowed in the load direction, still using a thin film approach. The authors also suggest 
that this model is a good method for optimising laminate lay-ups for damage resistance 
by increasing the minimum strain required for delamination growth to occur at the 
critical interface. Theoretically these lay ups give an improved damage tolerance of 8% 
- 29%, Rhead et al. (2009). 
The model was extended further, Rhead et al. (2009), to include the fibre orientation of 
the adjacent ply to the delamination when predicting the propagation direction but only 
for the 0º and 90º case. The size of the delaminations for the back 20% of the laminate 
was also considered with the innermost delamination diameter being determined from 
C-Scan. The delamination diameters were assumed to decrease towards the back face 
with an arbitrary ratio based on the tup diameter of the impactor, which would not be 
suitable for real life impact damage as the diameter of the impactor is unlikely to be 
known. When experimental CAI tests of these optimised laminates were conducted, 
Rhead and Butler (2009), it was found that the model with the arbitrary delamination 
sizes based on tup radius overestimated the strain required for delamination growth. So 
a revised model was developed which used C-scans to measure the delamination size at 
each interface in the back 20% of the impacted laminate. Then the equivalent circular 
delamination size was defined as a circle that completely encloses the delamination 
from a fixed centre, rather than a circular delamination with an equivalent area to that 
observed with the C-scan. The latter approach gave a conservative result, i.e. 
underestimated the strain for delamination growth. 
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A more promising approach for modelling the homogenised damage region is the soft 
inclusion, which is a homogenised or discrete homogenised region which allows the 
damage to be represented by degraded material properties compared to the undamaged 
properties of the surrounding laminate. The original work on soft inclusions in 
anisotropic plates was conducted by Lekhnitskii (1981) during the 1940s, who 
considered plywood with a hard or soft inclusion added and compared with no inclusion 
and plotted the stress states around the holes for the radial and axial directions. 
Cairns (1987) used the work by Lekhnitskii (1981) and repeated it for delta wood 
(plywood) and was the first to suggest that a soft inclusion could be used to represent 
the impact damage region in an impacted laminate. Cairns and Lagace (1992) extended 
this idea, suggesting for tension a soft inclusion where the properties of the inclusion 
would be degraded based upon analytical stress based failure criteria for the stress fields 
present in the inclusion calculated using the method by Lekhnitskii (1981). A similar 
approach was taken by Wang (1999). 
Dost et al. (1988) also use the soft inclusion approach but calculated the reduced 
properties of the soft inclusion, based on strains at the soft inclusion edge which were 
predicted by an FE model. The difference in this model compared to Cairns (1987) is 
that the soft inclusion was compiled of a series of sublaminates that are also subjected to 
delamination buckling analysis and a ply subtraction model similar to that of Gottesman 
et al. (1994). Dost et al. (1988) used the model of ply subtraction to generate a soft 
inclusion model which updated with increasing applied strain. 
Zheng and Xu (1999) have produced an alternative method for the calculation of the 
stress distribution around an elliptical or circular inclusion originally proposed by 
Lekhnitskii (1981), using the same model and same inclusions. The method is based on 
Farber series expansion and the least squares boundary collocation technique. 
Finally, Nyman et al. (2000) expanded further on the idea of soft inclusion models and 
used a soft inclusion with discretised regions concentrically arranged, arranged, where 
the properties of the regions decrease further towards the central region. This model 
achieved good correlation on predicting the buckling strain compared with finite 
element models. This concept provided the basis for the discretised soft inclusion model 
used by Sztefek and Olsson (2008a) as part of an inverse method to determine residual 
stiffness of impact damage. 
The next section of this literature review focuses on the numerical and finite element 
modelling of impact damage and the residual strength of the impact damaged laminate. 
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2.6 Finite Element Modelling 
This section of the literature review covers finite element modelling of impact damage 
and delamination taken from the literature. These can be broadly split into four 
categories of models. The first category models the delamination buckling of 
sublaminates or the effect of impact damage on the global buckling of a structure. The 
second category is criterion based failure models that can predict the location and extent 
of different damage mechanisms such as fibre fracture, delamination and matrix 
cracking in different plies, but do not degrade the stiffness of the model. The third 
category is for comprehensive damage models, which use the same criterion based 
failure models or continuum damage mechanics models, but then degrade the stiffness 
matrix of the laminate so the damage weakens the structure. The final group of models 
considers models that attempt to replicate impact damage by explicitly modelling the 
damage or through the use of soft inclusions or other equivalent damage models. 
2.6.1 Delamination Buckling 
Similarly to the analytical studies of buckling that have been conducted, FE modelling 
of buckling includes single or multiple delaminations in beams or plates, and either 
circular or elliptical in plates. Lee et al. (1992) developed a one dimensional model for 
buckling of laminated beams, where the model included all possible buckling modes, 
local symmetric, global symmetric and global antisymmetric. The model successfully 
predicted buckling loads and modes for a range of delaminations when compared with 
experimental specimens with the same size and position of artificially created damage in 
laminates. The paper also included a study of the effect of number and size of 
delaminations on the buckling load and mode. This work was later extended, Lee et al. 
(1995b), to model the post-buckling of composite beams to understand the residual 
strength after the bifurcation point of the delaminated beam. This further work also 
looked into the effect of the initial indentation caused by the impact and determined that 
the buckling amplitude and mode was very sensitive to this. This finding agrees with the 
work of Grahn (2003) who studied the buckling behaviour of plates and the effect of 
different depths of initial imperfection on the buckling behaviour. The model looked at 
square and rectangular plates subjected to different buckling modes, with initial 
imperfections of 1, 10, 100 or 500% of the thickness of the laminate. The results of 
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initial imperfections are to reduce the out-of-plane motion of the sublaminate and in 
some cases even reverse the global buckling mode as can be seen in Figure 2.14. 
 
Figure 2.14 Effect of Initial Imperfection on Buckling shape; Grahn (2003) 
Hwang and Li (2001) studied CFRP beams with a 16 ply UD lay-up with 6 different 
delamination patterns. They modelled one dimensional delaminated beams in the same 
way as Lee et al. (1992) and Lee et al. (1995b), but were only looking at delamination 
patterns that produced symmetric buckling modes during their analysis. They did look 
however, at global/local buckling, which was ignored in the model by Lee et al. (1992). 
Gaudenzi et al. (1998) and Gaudenzi et al. (2001) also looked into buckling modes of 
beams with different patterns of multiple delaminations as have Parlapalli et al. (2008) 
and Aslan and Sahin (2009). 
Impact usually occurs in large panels and forms self-contained delaminations in the 
shape of a peanut aligned with the lower fibre direction, Liu (1988). Consequently a 
beam model is not a good approximation of the delamination mode, rather an 
over-simplification. Several studies have been conducted using FE to model 
delaminations in plates. This is normally done using circles or ellipses to model the 
delaminations. A few studies have also included or focused on finite element modelling 
of buckling with impact damage represented as a singular circular delamination but 
looking at the influence of this simulated impact on the local and global buckling 
modes, e.g. Nilsson (1997), Nilsson et al. (2001a), Nilsson et al. (2001b) and Lord and 
Greenhalgh (2004). 
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Nilsson (1997) used a hole to represent impact damage when modelling the influence of 
impact damage location on the buckling of one bay of a skin stringer panel, and found 
that impact in the mid bay had little effect but impact close to the edge or to an 
inflection point on the buckle caused significant change in the buckling behaviour, 
Figure 2.15. 
 
Figure 2.15 First eigenvalue buckling mode with hole simulating impact damage; Nilsson (1997) 
This is similar to the work conducted by Falzon (2009) which used a single 
delamination to model the impact damaged region and gives similar results to those 
obtained experimentally by Greenhalgh et al. (2003) and Lord and Greenhalgh (2004). 
A single delamination has been used extensively in attempt to model impact damage 
and the resulting loss of strength in compression. Asp et al. (2001) conducted a very 
thorough study of single artificial delaminations which showed excellent agreement 
with experiments and captured the delamination growth very well. A lot of work on the 
development of FE techniques for modelling delamination growth from idealised 
delaminations was conducted by Whitcomb e.g. Whitcomb and Shivakumar (1989), 
Whitcomb (1989a), Whitcomb (1989b) and Whitcomb (1992). This has formed the 
basis for other work such as Nilsson et al. (2001a) who looked at the effect of the 
damage depth on the delamination growth and determined that the position of the 
delamination through the thickness will change the buckling mode of the laminate. 
Similar work has also been conducted more recently by Riccio and Pietropaloi (2008), 
who developed interface elements to predict the delamination growth. 
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While these single delamination models have a good agreement with experimentally 
determined buckling loads the buckling behaviour of the structure is completely 
different compared with the impact damage, Figure 2.16. 
 
Figure 2.16 Load Deflection Curves of FE delamination model with and without Soft Inclusion; 
Zeng and Olsson (2002) 
Zeng and Olsson (2002) tried to account for this difference in buckling behaviour by 
using a soft inclusion to represent the inplane damage in the impact region. While this 
lowers the buckling load to a closer estimate it does not result in the same behaviour as 
impact damage. Zeng and Olsson (2002) have also considered the effect of contact 
between the delamination and the sublaminate so the buckling mode of the sublaminate 
is as observed experimentally. This contact problem has also been modelled by 
Giannakopolous et al. (1995) and Hu et al. (1999) for single delaminations and by 
Kouchakzadeh and Sekine (2000) for multiple delaminations. 
Suemasu and Kumagai (1998) successfully predicted the delamination buckling and 
post buckling of artificially delaminated laminates in experiments. They modelled 
multiple circular delaminations within the laminate, studied the growth rate and 
directions of the delaminations. They determined the fracture modes that cause the 
delamination growth under post buckling loads and identified that the modes were 
different for thick and thin laminates. Comparison with experiments with multiple 
delaminations gave a good correlation, but against impact damage the correlation was 
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still poor. This suggests that multiple delaminations of a realistic shape are needed for 
representing impact damage. The next section will discuss the comprehensive models of 
impact damage that model impact damage generation and degrade the behaviour 
accordingly. 
2.6.2 Comprehensive Damage Models 
This section focuses on models that simulate the damage generated by impact damage 
using cohesive or interface elements to model initiation and growth, and in-plane failure 
models such as Hashin or Chang and Chang or other bespoke criteria to predict the in-
plane damage and severity and degrade the stiffness matrix for the element accordingly 
using a continuum damage mechanics approach. Another approach that has been taken 
is to model matrix cracks and splitting in the same manner as delaminations with 
interface elements placed in-plane to simulate splitting and/or matrix crack generation. 
Some of the earliest work on modelling impact damage in FE was based on modelling 
the delamination growth of a single delamination using a fracture mechanics approach 
and the fracture toughness to determine when delaminations would grow, Whitcomb 
and Shivakumar (1989). This technique was later used to model matrix or shear cracks 
as well as the delaminations for simple cross ply laminates. Interface elements were 
used by Liu (1993), Zheng and Sun (1995) and Lammerant and Verpoest (1996). Placed 
in predefined crack paths the interface elements allowed the cracks to open when the 
interface element fails. While these models give good agreement with the experiments 
they are trying to replicate, it is clearly not feasible to attempt to recreate every 
individual matrix crack in an impact damage, as the model would be so large it would 
take months to solve even on a cluster of processors. 
This technique has been combined with an in-plane smeared failure approach to model 
delamination and splitting in a QI laminate, while the remaining matrix cracking and 
fibre fracture have been captured using a stress based degradation criterion, Bouvet et 
al. (2008). This combined approach has achieved excellent correlation between the C-
scanned images for impact damage and the predicted damage extent for the model 
across a range of impact energies in a QI laminate. A similar approach was taken by 
Aoki et al. (2007) who used cohesive elements rather than spring elements, as they 
allow for opening and shear modes to predict the extent of delamination and shear 
cracks and achieved good comparison between simulation and experiment without 
considering the influence of matrix cracking or fibre fracture. 
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As demonstrated previously in the literature it is crucial to have multiple delaminations 
with the correct shape for accurately matching the residual compressive strength and 
behaviour of the laminate with impact damage, and work has been conducted on 
obtaining the correct delamination peanut shape when simulating the impact damage, 
notably by de Moura et al. (2000) and de Moura and Gonçalves (2004) who achieved 
excellent results compared with experiments and correctly predicted the delamination 
growth, Figure 2.17. 
 
Figure 2.17 a) Delamination observed by c-scan and b) numerically predicted delamination; de 
Moura and Gonçalves (2004) 
Guan and Yang (2002) also attempted to model delaminations although they focused on 
simulating delaminations of the correct area at all interfaces rather than the shape of the 
interface. 
One of the earliest attempts to use stress based failure criteria to predict in-plane and 
out-of-plane damage was by Zhang (1998) and Zhang et al. (1999) who used these 
criteria to predict the extent of matrix cracking, fibre fracture and delamination for 
impact damage at different locations on the skin of stiffened panels, and achieved good 
results compared with the experimental observations for impacts at mid bay, stringer 
foot and stringer root impacts. However, these were just maps of damage and did not 
capture the associated damage within the structural model by degrading stiffness. A 
similar concept of damage mapping was developed by Guinard et al. (2002) who 
produced a pseudo 3D damage map by modelling the problem in 2D by taking slices 
through the laminate along the radius at different angles. These consider inplane 
damage and delamination and are then re-assembled to produce the 3D damage map. 
A more advanced technique that has reached maturity in the past five years involves 
combining the delamination fracture mechanics models, with the in-plane stress based 
failure models and utilising these models to update the stiffness matrix of the elements. 
As the initiation stress is exceeded and the properties are degraded until failure occurs 
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the element may be deleted or, as in the case of Luo et al. (1999), the simulation 
terminated. 
A more advanced model was developed by Liu et al. (2006) who used more advanced 
failure models and considered the difference of fibre failure in tension and compression, 
matrix cracking and matrix crushing and delamination growth. These were implemented 
independently using user specified subroutines for each criterion allowing them to act 
independently within the model during the same time step. The model accurately 
predicted the damage mode and extent for a range of impact energies, and shows good 
correlation for force deflection and absorbed energy versus impact energy plots for a 
0º/90º cross ply, suggesting the model accurately captures the dynamic loading of the 
impact and can use this to simulate the impact damage, including the prediction of the 
correct delamination shape as can be seen in Figure 2.18. 
 
Figure 2.18 Simulated Impact Damage at 0º/90º Interface; Liu et al. (2006) 
Similar models have also been developed by Icardi (2007), Hassan and Batra (2008), 
Lopes et al. (2009) and Aymerich et al. (2009) which use stress based failure criteria to 
reduce the inplane properties of laminates and interface or cohesive elements to model 
the delamination occurs during impact. Most have used either a rigid hemisphere or a 
quasi-static transverse loading to simulate the impact damage but similar models have 
also been used to simulate tyre debris impact, Toso-Pentecote et al. (2009) although the 
nature and extent of this damage is very different from the typical circular spread of 
damage typically classed as BVID. 
There is however one fundamental problem with these models, although they are clearly 
very numerically advanced and are using damage models that capture the physical 
processes that occur during the impact, thus being able to simulate the severity and the 
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extent of the impact. None of the models previously mentioned have, however, 
attempted to capture the residual stiffness of the laminate with the impact damage 
present by simulating the tension after impact (TAI) or compression after impact (CAI) 
tests. Particularly the CAI is of the most interest to the major users of composite 
materials such as the aerospace industry, as they need to know if the structure is still 
structurally sound following the impact and if it is capable of continuing in service until 
the damage is detected and repaired. 
There are two cases presented in the literature, Cesari et al. (2007) and Cui et al. (2009), 
where these comprehensive damage models that have been used to model the residual 
strength in tension. 
Cesari et al. (2007) used eight layers of 3D brick elements to create a model of impact 
damage for an eight ply QI laminate. This model accurately predicted damage type, 
extent of damage and damage pattern as well as the initial indentation caused by the 
impacter. This is because solid elements have been used rather than the shell elements 
used by Liu et al. (2006). The model not only predicted the damage accurately but was 
also used to predict strength after impact. Once the circular damage plate model had 
been solved, the results were inserted into an FE model of a tensile specimen and the 
specimen including the damage was tested to simulated failure under a tensile load, as 
shown in Figure 2.18. 
 
Figure 2.19 Predicted Impact Damage and tensile specimen FE Model; Cesari et al. (2007) 
This gave good correlation with the experimental results and was one of the first 
published attempts to predict the residual tensile stiffness after impact determined from 
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a comprehensive damage model. Similarly the work Cui et al. (2009) was able to 
capture the tensile residual stiffness and the delamination growth towards the free edges 
as the specimen was loaded in tension. This approach also used the same model for both 
impact and TAI simulations without needing to tie models together. 
While these models give good results for tension, there have been no published results 
that attempt to model CAI impact testing from such models, which is much more 
complex to predict accurately than TAI results. The final section of this literature review 
will look at alternative approaches to efficiently simulate the post impact behaviour of 
impact damage under tensile and compressive loads without simulating the impact 
event. 
2.6.3 Representative Impact Damage 
This section focuses on models of impact damage that predict the residual tensile and 
compressive strengths of an impact damage structure after the impact has occurred. 
Some of these feature representations of impact damage explicitly defined in the FE 
models, such as in the models by Pavier and Clarke (1996), Guédra-Degoeorges (2006) 
and Suemasu et al. (2007). Others use a coupling approach to link the results for 
delamination area obtained with comprehensive damage models to capture delamination 
sizes and use a separate model for the buckling of the global region or to use analytical 
techniques to predict the buckling load for individual sublaminates, Kärger et al. 
(2009a). A third soft inclusion approach also exists which uses experimental data to 
capture the stiffness reduction of a laminate in tension and compression after impact, 
Apruzzese et al. (2009). 
The earliest and perhaps simplest attempt to model the residual strength of impact 
damage using FE was conducted by Pavier and Clarke (1996). This was essentially an 
FE implementation of their idealised impact damage models that had been artificially 
created experimentally, Pavier and Clarke (1995). This approach used shell elements to 
model square delaminations, fibre fracture cracks and matrix splits without growth in a 
laminate, comparable to their experimental models with the same idealised damage and 
achieved excellent agreement with the failure load of the experimental models and 
buckling behaviour. 
A more advanced approach to this problem has been conducted by Guédra-Degoeorges 
(2006) and Suemasu et al. (2007) who also used explicitly defined delaminations and 
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cracks in FE models, although these models used fan or double helix delaminations 
rather than square delaminations, Figure 2.20. 
 
Figure 2.20 a) double helix delaminations; Guédra-Degoeorges (2006) and b) fan shaped 
delaminations; Suemasu et al. (2007) 
These models also allow for delamination growth and have selective matrix cracks and 
splitting between them. Suemasu et al. (2007) also produced buckling behaviour for the 
impact damaged region much closer to that observed experimentally than for multiple 
circular delaminations. 
An alternative approach is taken by two impact damage models, CODAC and IDAT 
reviewed by Kärger et al. (2009a). These models simulate the impact using cohesive 
elements for delamination and stress based in-plane failure models, and then simulates 
the CAI as a second stage. CODAC uses a linked FE model which takes the extent of 
the delaminations to produce a model of the sublaminates and uses a simple linear 
buckling model to predict the buckling load of the sublaminate which uses this to 
predict the residual strength, although the contact between delaminations is not 
accounted for so this is not accurately replicating the behaviour of the impact damage. 
IDAT conducts the CAI stage as a non-linear global buckling analysis of the damaged 
region and does not consider the buckling of the individual sublaminates explicitly. 
Another difference between the two models is that CODAC uses 3D elements so that it 
can capture the damage state fully in 3D while IDAT approximates this, using shell 
elements. When compared with experiments, Kärger et al. (2009b), CODAC gives 
agreement with results at coupon level and is more computationally efficient although it 
is less flexible in the geometry and impact conditions it can simulate when compared 
with IDAT. 
Another approach that has been proposed uses a different technique to model the 
behaviour of impact damage under loading, Apruzzese et al. (2009). This models the 
material non-linearity of the impact damaged region and also accounts for damage 
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growth by a damage function which evolves with increasing applied strain. The model 
uses a soft inclusion which is sectioned in-plane and through-the-thickness to allow for 
the non-uniform distribution of impact damage to be considered and was demonstrated 
on a stiffened panel using experimental data from coupons, Sztefek and Olsson (2008, 
2009). However, the apparent stiffness reduction captured by the inverse method in 
Sztefek and Olsson (2008, 2009) includes reduction both due to material degradation 
and due to local buckling. Thus, the model in Apruzzese et al. (2009) has problems 
predicting the behaviour of the impact damage zone under compression using the 
available experimental data as the model separately accounts for local buckling. 
However this concept seems to be a sensible approach to modelling impact damage in 
large structures. 
2.7 Summary 
This section provides a synopsis of the information provided in the literature review and 
summarises the current modelling approaches for capturing the residual stiffness of 
laminates with impact damage present. 
The first section of this chapter dealt with identifying the nature of BVID and the 
damage mechanism, matrix cracking, delamination and fibre fracture that are formed as 
a result of impact and how these mechanisms are interacting and competing. That has to 
be modelled collectively and cannot be addressed individually if a model is to replicate 
impact damage successfully.  
Secondly other parameters that influence the severity and extent of impact damage 
including material and geometric factors have been considered and identified, including 
the material properties, the location of impact, the span-to-thickness ratio and lay-up of 
the laminate. One set of parameters that has not been considered is environmental 
parameters such as hot humid environments or very cold conditions, Dorey et al. 
(1985). However there is limited material data available for such conditions so the work 
presented in this thesis only considered parameters at normal laboratory environmental 
conditions. 
Finally the remainder of this chapter considered analytical and numerical modelling of 
impact damage and different parameters of impact damage, such as the buckling and 
growth of delaminations and the use of soft inclusions to represent impact damage as 




In the last five years there have been significant advances in the simulation of low 
velocity impact and several models now exist that can accurately predict the extent and 
severity of different damage mechanisms, delamination, matrix cracking, matrix 
splitting, fibre fracture and some can even capture the initial imperfection dent.  
While these models have been successful in predicting damage extent, there is still 
relatively little effort that has been conducted into identifying the influence of individual 
parameters of impact damage on the residual stiffness or in developing a simple robust 
technique for representing the non-linear behaviour of impact damage regions in large 




Chapter 3  
Tensile Stiffness Reduction Models 
This chapter is focused on the detailed modelling of idealised impact damage loaded in 
tension using ABAQUS/Standard FE software with the aim of understanding the 
influence of individual damage parameters on the residual stiffness of the laminate. The 
chapter is split into five main parts. Section 3.1 is the introduction and gives a 
background to the chapter. Section 3.2 looks at the influence of fibre fracture cracks on 
the stiffness reduction in a laminate, by looking at ways to quantify single and multiple 
cracks observed from impact damage fractography so that they can be compared, and a 
Matlab program is developed to generate realistic random distributions of fibre fracture 
cracks at different crack densities representative of those seen in fractography. Idealised 
crack patterns and distributions are also considered to understand the influence of crack 
size and distribution relative to one another. 
Section 3.3 uses the knowledge gained on crack size and distribution from section 3.2 to 
add fibre fracture cracks to a laminate model with idealised delamination shapes. These 
models are used for parametric studies to understand the influence of delamination 
shape. Fibre fracture cracks and laminate lay-up on the residual stiffness of the 
laminate. 
Section 3.4 describes the method used to quantify the residual stiffness of the impact 
damage region in the laminate models so that the effect of the different parameters on 
the residual stiffness can be quantified.  
In order to validate these idealised models of impact damage in a laminate and 
demonstrate they represent reality section 3.5 develops an idealised replica model of 
experimental impact damage. For comparison with experimental results to ensure the 
detailed damage model actually represents real impact damage behaviour under tension 




Tensile stiffness reduction caused by impact damage in structures has been mainly 
associated with fibre fracture and some authors have proposed the region with fibre 
fracture can be equated with an appropriately sized hole, Chamis and Ginty (1989). 
Others have suggested modelling the fibre damage zone as a soft inclusion, Cairns and 
Lagace (1990), who used laminate theory to calculate the inclusion stiffness assuming 
zero stiffness in the plies with broken fibres. An initial attempt to idealise the impact 
damage in an FE model with a series of rectangular delaminations and cracks parallel to 
the fibre directions were made for an 18 ply laminate by Pavier and Clarke (1996) based 
upon experimental work conducted using the same idealised damage methodology, 
Pavier and Clarke (1995). However, the stiffness distribution in the damage area 
remains unclear, and a detailed description of the stiffness gradient is crucial for 
determination of the stress concentrations and strength reduction of the structure caused 
by impact damage. 
An early experimental study investigated the tensile strength of an impact zone by 
observing the strength variation of fibre bundles within the damage zone, Elber (1983), 
which supported the findings of Sjögren et al. (2001) who conducted tensile tests on 
coupons cut from different parts of the impact damage region. These tests indicate that 
the stiffness reductions are complex, non-linear, have some residual stiffness unlike a 
hole and concentrated in a small central region of fibre fracture damage, suggesting that 
a hole underestimates the complexity of the stiffness reduction in the region. The 
stiffness distribution proposed by the observations of Sjögren et al. (2001) was 
confirmed using an inverse numerical method to evaluate experimentally measured 
displacement fields in impacted specimens, producing similar stiffness distributions, 
Sztefek and Olsson (2008a).  
The work in this chapter attempts to produce an idealised FE model of the damage that 
still captures the correct stiffness distribution over the damage region, and uses 
parametric studies to identify the influence of different damage mechanisms on the 
stiffness distribution. This work has been published in the journal Composites Science 
and Technology, Craven et al. (2008). Initial work on the crack density of fibre fracture 
cracks and their effect on the residual stiffness was based on the work of Shen and Li 
(2004). This lead to the development of a Matlab script to produce random patterns of 
fibre fracture cracks at different crack densities that could be used to represent idealised 
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crack distributions, comparable to those observed from fractographic studies in the 
literature, Álvarez (1998), Sjögren (1999) and Breen et al. (2006). 
 
3.2 Crack Density Modelling 
This section focuses on the investigating the parameters that influence crack density as 
the work by Shen and Li (2004) shows a correlation between crack density and stiffness 
reduction for isotropic materials. This work was adapted for modelling fibre fracture 
cracks in uni-directional (UD) composite plies. Then this information, coupled by 
constraints based on observations from fractographic studies, led to the development of 
a Matlab script which generates random crack patterns representative of fibre fracture in 
laminates caused by impact, to understand the importance of crack length or number of 
cracks on the tensile stiffness reduction. 
A small parametric study on the effect of crack size and distribution on strain 
concentration factor (SCF) with UD plies was also conducted to develop the idealised 
worse case crack pattern, which causes the largest stiffness reduction for comparison 
with the stiffness reduction caused  randomly generated representative crack patterns. 
3.2.1 Crack Density Investigation 
Shen and Li (2004) conducted a study on the effect of cracks on the stiffness of 
isotropic plates, for fixed regular geometries and for random distributions of cracks. 
They developed a measure of crack density and found that the crack size had a more 
significant effect for regular distributions than for random distributions and that crack 
size was more important than number of cracks for lower densities. The crack density ρ 
is given by equation 3.1 which assumes that the density can be calculated by summing 
the all of the crack half lengths squared, in a given area, and then the total is divided by 







21ρ  (3.1) 
where ρ is the crack density, A is the area and li is the half length of the ith crack, this 
can be visualised graphically in Figure 3.1. 
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Figure 3.1 Crack density equation parameters; Shen and Li (2004) 
A parametric study was devised to investigate the effect of crack length and number of 
cracks on the crack density. Some parameters were imposed in this study based on 
fractographic observations, Sjögren (1999). From the fractography the impact damage 
regions are 30 – 40 mm in diameter and the fibre fracture cracks typically extend 
between 50 and 65% of this region, so a region for cracks to be contained within is a 20 
mm diameter circle. The cracks are all aligned in parallel, the crack has to be fully 
contained within this region so the maximum length has to be 20 mm, as a longer crack 
would not fit into a 20 mm diameter circle no cracks were observed in the fractography 
less than 1 or 2 mm in length so the minimum length is defined as 1 mm. The distance 
between the aligned cracks is an arbitrary 1 mm, but shear lag effect will limit the 
minimum distance between two cracks, which leads to the following parameters: 
• Crack area A is a 20 mm diameter circle 
• Maximum crack length is 20 mm 
• Minimum crack length is 1 mm 
• Minimum distance of 1 mm between cracks 
When these parameters are applied to the study the problem becomes a coupled one as 
the maximum size and number of cracks, are no longer independent of each other. 
When the cracks are evenly distributed following the 1 mm spacing rule, it is possible to 
calculate the total number of cracks that can be distributed within the circular area and 
the corresponding maximum lengths of these cracks. This along with the theoretical 
maximum and minimum crack densities calculated using Equation 3.1 is shown in 
Table 3.1, a selection of cases to illustrate this are shown in Figure 3.2. 
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Figure 3.2 Crack Distribution for a) 1 crack b) 5 cracks and c) 25 cracks 








1  20.0  0.0008  0.32 
2  19.9  0.0008  0.63 
3  19.9  0.0008  0.95 
4  19.8  0.0008  1.24 
5  19.6  0.0008  1.53 
10  16.8  0.0008  2.25 
20  9.5  0.0008  1.44 
25  8.8  0.0008  1.52 
50  4.3  0.0008  0.74 
100  2.3  0.0008  0.42 
150  1.4  0.0008  0.24 
194  1.0  0.0008  0.15 
 
The crack density ρ was calculated assuming that for n number of cracks each crack 
was of the length L where l from Equation 3.1 is equal to L/2. The maximum crack 
density ρmax = 2.25 where there are 10 cracks each 16.8mm long in the circle The 
minimum crack density ρmin = 0.0008 was assumed to be one crack of 1 mm in length 
(n = 1 and L = 1). These define the upper and lower bounds of possible crack density for 
a given number of cracks in the area A, Figure 3.3. 
 
Figure 3.3 a) Minimum crack density 1 crack of 1 mm and b) Maximum crack density 10 cracks of 
16.8 mm 
In order to determine the influence of the parameters which due to the nature of the 
constraints defined are coupled and cannot be independently varied, n and L on the 
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crack density, ρ, three distinct cases were developed to determine the average crack 
density for the number of n cracks and the crack length L. The cases are outlined below: 
• Case One 
o The crack length, L, is fixed and the number of cracks, n, is allowed to 
vary between one and the number for each number-length combination, 
i.e. L = 16.8 mm and 1<n<10.  
• Case Two 
o The crack length, L, is allowed to vary between 1 mm and length, L, and 
the crack number, n, is fixed for each number-length combination, i.e. 
1 mm<L<16.8 mm and n = 10. 
• Case Three 
o The crack length L and is allowed to vary and the crack number n is 
allowed to vary. i.e. 1 mm<L<16.8 mm and 1<n<10. 
Case one, where the length is fixed is used to determine the importance of crack length. 
Case two, where the crack number is fixed, is used to determine the importance of crack 
number. Case three, is where both parameters vary to simulate more realistic crack 
numbers and sizes. 
The number of cracks and the length of cracks are randomly generated using the random 
number generator within Matlab, so for case one for instance where L is fixed at 16.8 
mm the Matlab code would generate a number for n between 1 and 10 and the crack 
density would be calculated. For case two where n is fixed at 10 for instance the Matlab 
code would generate 10 cracks lengths between 1 mm and 16.8 mm in length and the 
crack density calculated. 
In order to know that the crack density calculated was representative the calculation of 
crack density was repeated 100000 times, with the n and or L recalculated each time, 
and the average crack density from these 100000 runs was taken. A convergence study 
was conducted to determine that 100000 runs were required to obtain convergence of 
the crack densities calculated. 
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Figure 3.4 Crack density against crack number for all cases 
Figure 3.2shows the results for cases 1 to 3 bounded by the theoretical maximum and 
minimum values taken from Table 3.1. 
Case one has the highest crack densities, for n ≤ 90 and for L ≥ 3 mm, which suggests 
that crack length is more important than the number of cracks provided the cracks are of 
over 3 mm in length. Certainly for the numbers of cracks being looked at in the FE 
study of cracked plates where the value of n is a maximum of three, the crack length is 
the deciding factor in the crack density. 
The dip in the graph occurs when the length of the crack drops below 9 mm allowing 
more than one crack to fit on the same line within the circular region while still obeying 
the 1 mm separation between cracks, the dip is caused by a length phenomenon which is 
why it is most prevalent with case one which looks at crack length. 
Case two looked at crack number being the dominant parameter rather than crack length 
but this was determined only to be important for large numbers of cracks n≤ 90 and for 
L ≥ 3 mm. This is well outside the range of fibre fracture cracks obtained from impact 
damage in a laminate where there are at most only two or three per ply, supporting the 
findings of case one, which showed crack length is the more important parameter. 
Case three represents a more realistic scenario based on observations taken from 
fractographic studies, Álvarez (1998), Sjögren (1999) and Breen et al. (2006). The fibre 
fracture cracks observed tend to vary in length and number, which suggests that the 
crack densities for the idealised cracks should be between 0.1 and 0.3. 
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3.2.2 Random Crack Distributions 
The Matlab code developed for the crack density investigation was modified to produce 
a tool that generated the size and position of a random number of cracks on a laminate, 
and provided details so that these cracks could be generated by a user in a detailed 
impact damage model created in FE. The script developed randomly generates between 
one and three cracks with a maximum length of 20 mm with all crack midpoints 
contained within a 15 mm diameter circle. By entering the orientation of the ply of 
interest the program also calculates the position of the end points of the crack in 
Cartesian coordinates assuming the cracks are perpendicular to the fibre direction, as 
shown in Figure 3.5 for a zero degree ply. 
 
Figure 3.5 a) Position of crack centres generated, b) Crack lengths generated and c) Position of 
crack tips calculated 
In order to ensure that the probability distribution for the crack centres is even across 
the 15 mm diameter circle, the crack midpoints are plotted in polar co-ordinates and 
then these positions are converted into Cartesian coordinates to calculate the crack tip 
coordinates. To ensure a random distribution of crack positions the crack centres were 
plotted for 10,000 runs and no obvious dense or sparse patches were visually observed 
in their distribution. 
3.2.3 Strain Concentration caused by Crack Distribution 
The investigation presented in Section 3.2.1 allowed for the development of a technique 
to produce random crack distributions at representative crack densities compared with 
fractographic observations. To understand the effect of these representative cracks 
compared with idealised, simplified crack patterns, on the stiffness reduction an FE 
model was developed to test both the random cracks and the simplified crack patterns. 
To quantify the stiffness reduction for comparison of these crack patterns a single UD 
ply is modelled with the crack distributions arranged in the centre of the ply. A positive 
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displacement is then applied to the model and the strain around the cracks compared to 
the far field strain to determine the severity of the crack distribution.  
Initially the cracks were modelled by tying two half plies constructed of 8 noded brick 
C3D8 elements together and leaving an untied region in the middle to represent the 
crack. This is ideal as it is a crack with no initial opening that will open symmetrically, 
but within the concept of building laminate models rather than single ply models, it was 
discovered this technique of inserting cracks was too computationally expensive, so the 
cracks were inserted as elliptical cracks cut into the ply, Figure 3.6. 
 
Figure 3.6 Elliptical Crack Model shape and typical dimensions (not to scale) 
The plies modelled were 100 mm by 80 mm by 0.125 mm which is the thickness of a 
typical pre-preg ply. The boundary conditions can be seen in Figure 3.7a and consist of 
a 0.03% applied tensile displacement across the top edge, and the bottom edge 
constrained in the loading direction. Contraction due to Poisson’s effect was allowed in 
the transverse direction. Figure 3.7b shows the mesh for the model which is one element 
thick with a nominal mesh size of 2 mm2 per element outside the area A transitioning to 
0.5 mm2 around the crack 
 
Figure 3.7 Boundary conditions for plate models 
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The cracks were placed in the middle of the plate and an area A was defined around the 
crack(s) so that the crack density for each of the crack patterns could be defined using 
Equation 3.1, area A was chosen as a arbitrary size approximately equal to the size of 
the fibre fracture crack region observed from fractography in the literature. 
Eight different crack patterns and an undamaged control panel were modelled 
distributions one to five had the same total crack length of 18 mm and an increasing 
number of cracks. Distributions six to eight looked at the effect of having cracks placed 
parallel to a large central crack this can be seen in Figure 3.8.                                                               
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Figure 3.8 Crack patterns and displacement field in the load direction 
The strain distribution in the loading direction over the width of the crack density area A 
was recorded from the FE models and averaged across the width of the area A. The 
strain was averaged across this width, so that the strain considered for each of the crack 
distributions was comparable. These averaged strains were then normalised against the 
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undamaged ply by subtracting the value of the undamaged ply (i.e. 1) to provide a strain 
concentration factor (SCF) for the cracks, to compare the effect of different crack 
patterns on the stiffness reduction. This can also be plotted against crack density for 
each of the crack distributions, Figure 3.9. 
 
Figure 3.9 Crack density against strain concentration factor for crack distributions 
The results of this study show that one large crack has a significantly increased average 
strain concentration factor compared with smaller cracks with the same total length, also 
the crack density for the one large crack is higher than for multiple shorter cracks 
agreeing with the previous section, crack length is more important than crack number 
for crack density. The distributions 6 to 8 show significant increase in crack density as 
you would be expected compared with distribution 1. However the SCF does not 
increase significantly compared to distribution 1 and from observing the strain fields in 
the FE the parallel cracks reduces opening of the longer crack in the loading direction. 
The idea of the of generalised impact damage model is to produce a representative, 
conservative, worst case model of the impact damage region that is a simple to generate 
as possible, so the single long crack was chosen as having almost the highest SCF while 
being the simplest crack distribution to implement as it only requires one crack. 
3.3 Tensile Stiffness Models 
This section discusses the development of the detailed impact damage models loaded in 
tension and the modelling techniques, material properties, different delamination 
shapes, fibre fracture crack distributions and the parametric studies conducted with 
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them. The following section will detail how the stiffness reductions of each of these lay-
ups were determined and give an overview of the results. 
3.3.1 Initial Parametric Studies 
The concept for the initial parametric studies were taken from the experimental 
investigations of Olsson et al. (2003) who conducted tensile stiffness evaluations of 
specimens with artificial impact damage. The star crack pattern in Olsson et al. (2003) 
was generated by creating a cut perpendicular to the fibres in each ply prior to lay-up, 
producing a star crack pattern upon lay-up. This pattern was expected to give a large 
stiffness reduction in tension but the experimental results did not show this. This was 
felt to be a good starting point for a study into the effects of impact on tensile stiffness 
reduction. 
A parametric study was conducted using FE models to determine the parameters that 
controlled the stiffness reduction with these star cracks. These were constructed from 
eight ply 100 mm x 80 mm by 2 mm laminates, with a lay-up of (90º/-45º/+45º/0º)s and 
a single 18 mm fibre fracture crack perpendicular to the fibres in each ply. The 
laminates were modelled using C3D8 brick elements with each ply being one brick 
thick. An undamaged laminate was modelled as a control case, laminates with 
delaminations only, with star cracks only and a laminate with circular delaminations of 
30 mm diameter as shown in Figure 3.10 and star cracks was also modelled. 
Delaminations alone had no effect on the stiffness of the laminate, while the star cracks 
alone caused minimal average stiffness reduction (12%) localised at the centre of the 
star cracks. In contrast the model with delaminations and fibre fracture cracks resulted 
in a significant average stiffness reduction of 55%. These stiffness reductions were 
determined using an inverse method which is discussed in section 3.4, which plots the 
stiffness reduction across the width of the impact damage region. The conclusions from 
this preliminary study are that delaminations as well as fibre fracture cracks are required 
for significant stiffness reduction in tension. 
This model of delamination and fibre fracture was also tested for eight different lay-ups, 
(0º/-45º/+45º/90º)s, (0º/90º/+45º/-45º)s, (90º/0º/-45º/+45º)s, (90º/-45º/0º/+45º)s, (+45º/-
45º/90º/0º)s, (+45º/90º/-45º/0º)s, (-45º/90º/0º/+45º)s and (-45º/0º/90º/+45º)s. No 
difference between stiffness reductions in lay-ups with the same face ply orientation 
was observed and very little variation was observed between laminates with different 
face ply fibre orientations. 
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The findings of the experimental study by Olsson et al. (2003) support these 
conclusions qualitatively, as the resulting strain concentrations for the QI laminates with 
the artificial star shaped fibre fracture cracks were found to be negligible at low applied 
strains. This is thought to be due to the fact the fibre fracture cracks were introduced in 
the manufacturing process before curing occurred. During the curing process resin filled 
these fibre fracture cracks, and the resin was able to transfer the strain across the 
fractured fibres at low applied strains. As the applied strain increased the resin could no 
longer transfer the strain and the cracks opened triggering delamination growth from 
crack intersections and dispersing the strain concentrations over the artificial damage 
region. 
3.3.2 Full Scale Damage Models 
The full scale damage models evolved from the parametric study and to eliminate edge 
effects potentially affecting the stiffness reduction the laminate size was increased from 
100 mm x 20 mm to 100 mm x 80 mm with the damage still located centrally in the 
laminate. The laminate used for these studies is an eight ply QI balanced laminate with a 
(90º/-45º/+45º/0º)s lay-up, nominally 1 mm thick. 
Having established that the stiffness reduction was independent of laminate lay-up in 
the preliminary models, this lay-up was chosen because with the fibre fracture cracks in 
the 90º surface plies as the cracks do not open, the reasons for this are discussed in 
Section 3.4.1. These full scale models were used for parametric studies looking at 
different delamination patterns and fibre fracture crack distributions, Figure 3.11. 
 
Figure 3.10 Delamination shapes for single delaminations 
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Figure 3.11 a) Delamination patterns, b) fibre fracture crack distributions and average crack 
densities, c) delamination orientation with respect to ply fibre orientation; Craven et al. (2008) 
There are five different delamination patterns seen in Figures 3.10 for single 
delaminations and 3.11a for stacked multiple delaminations, no delaminations serves as 
a control case, the remaining four cases were taken from the literature to investigate the 
stiffness reduction caused by each, the circular delamination is the most basic and 
widely used, Abrate (1991), the twin ellipse was proposed by Davidson (1989), the 
peanut or lemniscates by Cairns (1987) and the split peanut was suggested by Hull and 
Shi (1993). A similar realistic distribution of delaminations has also recently been 
considered analytically, Huang et al. (2008). 
The fibre fracture crack distributions, Figure 3.11b represent concepts taken from the 
literature. The star crack, as previously mentioned, assumes cracks occur perpendicular 
to the fibre direction in each ply, and the delaminations follow the fibre orientation of 
the lower ply, Figure 3.10c. The line cracks which only occur in the 0º plies represent 
the model of stiffness reduction suggested by Cairns and Lagace (1990). Three different 
random crack distributions were generated using the Matlab script described in the 
previous section. 
To compare the crack distributions in these laminates in a dimensionless manner, an 
extension of equation 3.1, taken from Shen and Li (2004), was made by applying the 
equation to all plies in the laminate rather than to a single ply, Equation 3.2. The square 
of the crack half length, L/2 of each crack in a ply is summed and divided by the area, A. 
In this case A is a circle of diameter 18 mm, which can be seen in Figure 3.10b 
surrounding the fibre fracture crack distributions. The average crack density, Avg. CD, 
was obtained by averaging the crack density, ρ, across all n plies in the laminate 
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11. ρρ  (3.2) 
The relative average crack densities for all fibre fracture crack distributions shown in 
Figure 3.7b can be seen in Figure 3.8. 
 
Figure 3.12 Average crack densities for call fibre fracture crack distributions; Craven et al. (2008) 
3.3.3 Modelling Technique 
Finite element modelling was conducted using ABAQUS 6.6/Standard. The laminates 
were created as separate plies created from eight noded 3D brick elements with reduced 
integration (C3D8R) with one brick per ply thickness. The ply properties were assigned 
as engineering material properties and each ply had the material (fibre) orientation 
assigned separately. The material properties used in the parametric studies correspond to 
the carbon/epoxy system HTA/6376C as reported in Sjögren (1999). These are E11 = 
137 GPa, E22 = E33 = 10.4 GPa, G12 = G13 = 5.19 GPa, G23 = 3.9 GPa, ν12 = ν13 = 0.3 
and ν23 = 0.51. 
The delamination shape is created as a sketch on the surface of a ply and then extruded 
through the thickness of the ply, as is demonstrated in Figure 3.13a and b, this is to 
ensure a consistent mesh through the thickness of the ply. 
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Figure 3.13 a) Delamination drawn on ply surface, b) Delamination extruded through ply thickness 
and c) Delamination region surface defined. 
 The fibre fracture cracks as detailed in Figure 3.11b, are cut out from the ply using 
highly elongated ellipses, with a crack length of 1-15 mm and a maximum crack width 
of around 0.001 mm. The laminate is created by defining surfaces on the top and bottom 
of each ply that contain all nodes, outside the delaminated region, Figure 3.13c. These 
plies are then stacked together in the assembly module of ABAQUS and tie commands 
are used to tie together adjacent surfaces, that is to join these predefined surfaces so the 
nodes cannot move independently of each other. 
No contact constraints have been used between the delaminated regions in these models, 
although the delaminated regions were observed to move and intersect in the out of 
plane direction during the simulation. Preliminary tests compared a laminate with and 
without contact between the delaminations and found there was only a 1% difference in 
the stiffness reduction but a six-fold increase in solution time when contact constraints 
were included. Consequently contact constraints were neglected for the tensile case but 
obviously will be vital for the compressive case in Chapter 5. 
The models were constrained along the bottom edge and had a displacement equivalent 
to 0.3% strain applied to the top edge, which was selected to not exceed the elastic 
range of the material. The model was pinned at the top and bottom edges at the 
midpoint to prevent transverse rigid body movement, but allowing the plate to contract 
under Poisson’s effects. The mesh density for these models is an element for every 5 
mm2 around the edges of the plate gradually reducing to an element for every 0.5 mm2 
around the simulated impact damage region, Figure 3.14. 
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Figure 3.14 Mesh density in plane and through thickness for 8 ply peanut star crack models 
The results from these models have been extracted in the form of displacement fields 
under the maximum applied load for the front and back face. To determine the relative 
membrane stiffness reduction of the damage zone these models an inverse method is 
used. This is described in section 3.4, and the results extracted from this method are 
then discussed. 
3.4 Stiffness Reduction Evaluation 
To evaluate the effect of the different parameters, crack distribution, delamination 
shape, the stiffness reduction of the damage zone in of each of the models needs to be 
determined. To determine this stiffness reduction, an inverse method that had been 
previously developed for experimental work was used. This section describes the 
method used to determine the stiffness reduction of the detailed impact damage models 
and to present and discuss the results of the stiffness reductions from the parametric 
studies presented in Section 3.3. 
3.4.1 The Inverse Method 
The inverse method has been developed by Dr P. Sztefek at Imperial College London, 
Sztefek and Olsson (2008a), Sztefek and Olsson (2008b) and Sztefek and Olsson (2009) 
and this technique has been used to determine the stiffness reduction of the damage 
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region of the laminates presented in this chapter. The remainder of this section will 
briefly describe the inverse method and how it works. 
The indirect inverse method is based on iterative updates of the material properties in an 
FE model with a number of piecewise homogenised zones representative of an impact 
damage region, Sztefek and Olsson (2008a). The inverse method then attempts to 
minimise the difference between the numerically predicted displacement field in the 
piecewise homogeneous FE model and the displacement field taken from the FE models 
presented in this chapter. As the technique was developed for use with DIC only the 
surface displacement fields are taken from the FE models. The iterative FE analyses of 
the homogenised piecewise model are also performed using ABAQUS, and these 
provide an updated displacement field based upon a specific set of material parameters. 
The difference between the two displacement fields is defined as a displacement error 
and the inverse method uses a steepest descent gradient optimisation method to 
minimise this error. The basic principle of the inverse method is illustrated for the 
experimental case in, Figure 3.15. 
 
Figure 3.15 The fundamentals of the inverse approach; Craven et al. (2008) 
The method has previously been validated against numerical test cases using an 
isotropic FE model with artificial impact damage, Sztefek and Olsson (2008a). The 
Young’s modulus and Poisson’s ratio were accurately determined when considering an 
idealised displacement field without noise and a very good agreement was achieved 
when white noise was added to the displacement field. This method was also used to 
determine the stiffness reduction of the experimentally impacted laminates modelled in 
the next section. 
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The homogenised piecewise FE model in this instance was modelled with the damage 
discretised into six concentric sections, to evaluate the stiffness distribution with a 
reasonable resolution. As seen from previous studies, Sjögren (1999), Sjögren et al. 
(2001) and Olsson et al. (2003) as well as in house experiments, the damage in QI 
laminates is approximately circular. The 30 mm diameter damage region was discretised 
into six separate annular regions each of equal width, Figure 3.16. The constitutive 
properties for each region are Young’s modulus and Poisson’s ratio, and are sought as 
dimensionless values relative to the undamaged laminate properties. A full convergence 
for the results presented in the next section took around 50 iterations, equating to 2.5 
hours on a Pentium 4 2.8GHz CPU. To get optimal results from the inverse method 
used a surface free from strain discontinuities from which the strain field can be 
measured is required, for this reason the lay up with 90 degree surface plies was chosen. 
 
 
Figure 3.16 Discritisation of homogeneous piecewise FE model; Craven et al. (2008)  
3.4.2 Results and Discussion 
The results of the stiffness reduction for these detailed impact damage models 
determined by the inverse method are presented in this section. The results from all 
models simulated are presented as a peak and average stiffness reduction value for the 
different delamination patterns and fibre fracture crack distributions and are presented 
in Table 3.2. The average stiffness reduction is calculated as the mean value of the six 
separate stiffness reductions predicted in each of the annular regions. Where a particular 
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result is of interest, it is identified with Roman numerals I-XIII and these are referred to 
in the following text. 
Table 3.2 Stiffness reduction for all fibre fracture crack distributions and delamination pattern 
combinations studied; Craven et al. (2008) 
 
 
Where the distribution of stiffness across the width of the damage is considered to be of 
interest, the Young’s modulus and the Poisson’s ratio, taken from the homogenised 
inverse method model, have been plotted as relative parameters and shown across the 
width of the six discrete regions so that the variation in stiffness across the regions from 
the homogenised piecewise FE model. 
Result I from Table 3.2 is the control case with no delaminations or fibre fracture cracks 
and consequently shows no stiffness reduction, and all the other stiffness reductions are 
compared to this control case. Results II and III show the stiffness reduction for line and 
star crack distributions without delaminations and the stiffness reduction was found to 
be very localised to the centre of the plate. This is because the stress recovery due to 
intralaminar (in-plane) shear stress is relatively slow as the characteristic decay length is 
of the order of the fibre fracture crack length. In contrast the recovery due to 
interlaminar (out of plane) shear stress is very fast as the characteristic length is of the 
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order of a ply thickness. Without the delaminations the interlaminar shear stress 
dominates and stress concentrations are very localised, Figure 3.17. 
 
Figure 3.17 Strain concentration around star pattern fibre fracture cracks without delaminations; 
Craven et al. (2008) 
Results IV and V demonstrate that delaminations alone do not contribute to stiffness 
reduction in tension. Results VI–VIII shown in Figure 3.18 indicates that fibre fracture 
crack distributions combined with circular delaminations cause significant stiffness 
reduction. However, the predicted stiffness distribution only reflects the variation within 
the top ply, as the large circular delamination uncouples the displacements in the top ply 
from the remaining plies within the entire region where the local stiffness is evaluated. 
Consequently a delamination pattern which retains the coupling between the plies – as 
observed in real specimens and seen in the literature – is necessary. 
 
Figure 3.18 Circular delaminations with different fibre fracture crack patterns 
In Figure 3.19a, the stiffness reduction can be seen for the star and line fibre fracture 
crack distributions without delaminations (II, III). Figure 3.19b shows the same fibre 
fracture crack distributions for peanut delaminations (IX, X), and clearly illustrates that 
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delaminations result in a more widespread stiffness reduction. These results suggest that 
for a QI layup assuming stiffness reduction only occurs in the 0º plies as proposed by 
Cairns and Lagace (1990) is incorrect. The stiffness reduction for the star crack 
distribution is significantly larger than for the line crack distribution, where only the 
zero degree plies have fibre fracture cracks. This shows that fibre fracture cracks in 
plies of all fibre orientations are significant. The model from Cairns and Lagace (1990) 
would probably still be valid for lay-ups with a high percentage of zero degree plies.  
 
Figure 3.19 a) Star and line crack stiffness reduction without delamination and b) star and line 
crack stiffness reduction with peanut delaminations; Craven et al. (2008) 
Figure 3.20 shows that the stiffness reduction for the twin ellipse (XI), peanut (XII) and 
split peanut (XIII) models are very similar. 
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Figure 3.20Stiffness reduction for three different delamination patterns, all with light fibre fracture 
crack distributions; Craven et al. (2008) 
The comparison of the peak and average stiffness reductions for all different fibre 
fracture distributions for the peanut delamination pattern is shown in Figure 3.21. The 
trend is that the stiffness decreases as crack density increases although this is not true 
for the moderate damage case. This, however, is a result of the cracks being more 
evenly distributed and not clustered in the centre. This even distribution creates a stiffer 
central region which is detected by the inverse method but offers no increase in 
structural integrity as it is surrounded by damaged material, resulting in an artificially 
high prediction of structural stiffness. 
 
Figure 3.21 Peak and average stiffness reductions or all fibre fracture crack distributions with 
peanut delaminations; Craven et al. (2008) 
The peanut delamination pattern was chosen to be the default delamination pattern as it 
was found to be the closest match to fractography of delaminations observed in the 
literature, Levin (1991) and Hull and Shi (1993) for carbon-epoxy pre-pregs. The other 
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two proposed delamination patterns, i.e. twin-ellipse and split-peanut, are still valid and 
could be more suitable for different laminates with different fibre/matrix constituent 
materials. 
The effect of crack placement on the stiffness reduction for the moderate damage in 
Figure 3.22 should be noted. It demonstrates that the stiffness reduction distribution 
must be studied and the peak and average values of stiffness reduction alone are not 
sufficient. A similar effect can be seen for the twin ellipse and split peanut delamination 
patterns that have no delaminations in the central region. Similar phenomenon have 
been observed experimentally by Sztefek and Olsson (2008a), seen in Figs 17 and 18 in 
this reference. 
3.5 Experimental Comparisons 
This section details the replication of a particular experimental impact damage and 
subsequent tensile loading in order to validate the idealised detailed impact damage 
model and to ensure that it represents real impact damage. The impact modelled is a 7J 
impact on a 2 mm 16 ply balanced QI laminate manufactured from AS4/8552 carbon 
epoxy pre-preg. Subsequently loaded in tension to failure and the stiffness reduction due 
to the impact damage determined using an inverse method, Sztefek and Olsson (2008a). 
Initially the aim was to produce one model replicating the shape of delaminations and 
fibre fractures exactly, one that used the peanut delaminations with idealised fibre 
fracture cracks and one that used the idealised worst case of peanut delaminations with 
the star crack distribution. Due to the poor quality of images from the ultrasonic And-
Scan system of impacted panels it proved impossible to identify the shapes of individual 
delaminations so only the models with the idealised peanuts were implemented, with the 
delamination sizes taken from C-Scan images of the actual damage. The fibre fracture 
cracks were taken from an initial fractographic study by Gamelin (2007) of a de-plied 
coupon taken from the same plate and impacted at the same load, and by studying the 
de-plied plies of the same coupon. 
To replicate the experimental loading precisely the boundary conditions for a set of 
points around the perimeter of the model far field displacements were observed on the 
experimental coupon and recorded by optical measurements based on DIC. 
The comparison of experimental and models, Figure 3.22, illustrates that a replica of the 
observed damage can reproduce the average stiffness reduction seen in the experiment 
to within 21%. For the idealised case with the peanut delaminations and star fibre 
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fracture crack distribution it is possible to get to within 12% of the experimental results, 
which demonstrates that this idealised model can be used to represent impact damage in 
tension and that the idealisation of the damage developed in the parametric studies is 
validated. 
 
Figure 3.22 Stiffness reduction in experiment, FE replica and FE model; Craven et al. (2008) 
The comparison between the experiments the replica and idealised model show that the 
fundamental parameters causing stiffness reduction in tension for impact damage have 
been captured. It is probable that the replica could have achieved a closer match to the 
experiment if better fractographic images of the individual delaminations had been 
available, or if matrix cracks and an initial imperfection in the laminate had been 
included. These factors will contribute to the stiffness reduction although their 
contribution is likely to be very small. The experimental comparison is limited to one 
coupon due to lack of available experimental data. However, the main thrust of this 
work is to develop a method of modelling impact damage under tensile load in an 
idealised way applicable to BVID in a general and not a specific case. 
To this end a successful idealised model has been produced that replicates the impact 
damage stiffness reduction. It can easily be applied to any lay-up or thickness only 
requiring knowledge of the lay-up and the diameter of the delamination area determined 
from C-scan, which allows the size of the peanuts to be determined.  
The peanut is defined by 4 arcs, drawn based on start end and mid points, for the 30 mm 
peanut these points are defined in Figure 3.23. 
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Figure 3.23 Peanut delamination geometry 
The length of the fibre fracture cracks for the star pattern can be assumed to be 
approximately 50% of the delamination diameter, Sjögren (1999). This approach can be 
tailored to suit a particular laminate with further investigation using fractographic 
techniques or with prior knowledge of the typical delamination shape and the extent of 
the fibre fracture cracks in a particular laminate. 
3.6 Conclusions 
In conclusion this chapter presents the work done over the duration of the PhD project 
on modelling impact damage in tension. The focus of this work has been to develop an 
idealised detailed model of impact damage that can be easily applied to any lay-up, 
thickness and size of impact damage without requiring extensive knowledge of the 
impact damage region. The model can easily be implemented for any stacking sequence 
and number of plies with just the extent of the impact damage determined from C-Scan 
required. 
Section 3.2 dealt with the modelling of fibre fracture cracks in plies and used a study on 
average crack density in plies. To determine the relative importance of number of cracks 
and crack length on the crack density and determined for cracks less numerous that 90, 
crack length is the dominant parameter. The work on generating random sizes of cracks 
for this study resulted in the development of a Matlab script that generates 
representative fibre fracture crack distributions for modelling impact damage in plies. 
The technique for inserting these fibre fracture cracks was with an extremely elongated 
elliptical cut out. A small parametric study using FE also confirmed that one long crack 
was the worst case for a UD ply having a higher crack density and high average SCF 
compared with multiple smaller cracks of the same total crack length. 
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The remainder of the chapter focused on the development and validation of this 
idealised damage model through a series of parametric studies with different 
delamination patterns and fibre fracture crack distributions, Figure 3.7 and validation 
against experimental results in Section 3.5. 
The main conclusions from this study is that the main parameters of impact damage 
under tensile load that control residual stiffness are fibre fracture and delaminations in 
combination, rather than simply fibre fracture cracks alone. Fibre fracture cracks in all 
plies regardless of fibre alignment are important rather than just fibre fracture cracks in 
the zero degree plies as previously thought. The experimental comparison also validates 
the concept of the idealised detailed impact damage being represented by peanut 
delaminations of the diameter equivalent to that seen on the C-Scan of the damaged 
laminate and by fibre fracture cracks in a star pattern, which can be applied to any lay-




Chapter 4  
Compression of Fractured Fibres 
Whereas the previous chapter looked at damage under in-plane loading in tension, this 
chapter focuses on a particular damage type, namely fibre fracture, loaded in 
compression. The work in this chapter is also focused at the micro scale modelling of 
individual fibres embedded in matrix rather on than the macro or laminate scale of the 
work in the previous chapter. The purpose of this is discussed in more detail in section 
4.1, but is based upon a hypothesis proposed to explain the difference in behaviour for 
impact damaged regions under compressive load compared with laminates with single 
or multiple delaminations representing the impact damage. The phenomenon of 
brooming and intersection of fractured fibres has been observed experimentally after 
compressive tests of undamaged laminates, and was proposed as a possible explanation 
of the difference in the compressive buckling behaviour of impact damage and impact 
damage simulated with single or multiple circular delaminations. 
Section 4.2 focuses on the mechanical behaviour of the fibres and matrix, identifying 
from the literature other studies that have modelled fibre and matrix at this scale, in 
particular the plastic behaviour of the matrix post yielding and a suitable material model 
to capture the matrix plastic behaviour. 
Section 4.3 provides details on the plasticity model chosen, namely the Drucker Prager 
model and the parametric studies conducted to relate the sensitivity of the results to the 
input parameters of the model. This was conducted as there were no exact data available 
for the input parameters of the Drucker Prager model for the matrix epoxy chosen and 
the equations themselves provide multiple ways of calculating the same parameter 
giving different results. 
Sections 4.4 and 4.5 develop the FE models of the fibre matrix unit cell, in two and 
three dimensions, the details of the models, elements, boundary conditions and the 
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parametric studies conducted with the models. Section 4.4 focuses on single fibre 
penetration models which were used to simulate the penetration of one fibre into the 
matrix between opposing fibres to determine the stress required and thus the residual 
stiffness offered by this inter fibre penetration when the impact damage region is loaded 
in compression. Section 4.5 studies the behaviour of a group of unit cells representing 
the behaviour of slice through the thickness of an individual ply, to determine the 
penetration stress for a cluster of fibres. 
Finally Section 4.6 concludes all the work in the chapter and comments on the influence 
of fractured fibres under compressive loading on the residual stiffness and on how the 
fibres should be modelled at the macro scale. 
4.1 Introduction 
In this chapter the effect of the inplane properties of impact damage, namely fibre 
fracture, is considered in compression. The aim of this work is to gain an understanding 
of the behaviour of fractured fibres under compression and their effect on the stress field 
locally in the impact damage region. 
In undamaged laminates compressive failure is caused by microbuckling and kink 
banding, which is a topic that has been widely studied over the past forty years, both 
experimentally and analytically notably by, Rosen (1965) and Fleck (1997) and more 
recently using FE models, Vogler et al. (2001). In impact damaged laminates 
delamination and local/global buckling are considered to be the main failure modes, 
again this has been modelled extensively using analytical, experimental and finite 
element methods, Shivakumar and Whitcomb (1985), Suemasu et al. (1998) and Olsson 
et al. (2000). These studies have looked at replicating impact damage either artificially 
in experiments or using FE models, and have replaced the impact damage with single or 
multiple circular delaminations. While these models predict the global buckling load to 
within a 10-15% compared with a real impact damage there is a marked difference 
between the predicted and observed local buckling behaviour of the impact damage 
because with the artificial delaminations the upper laminate buckles in the opposite 




Figure 4.1 Load vs. out-of-plane displacement from experiments; Olsson et al. (2000) 
This was thought to be because the delaminations were circular rather than the peanut 
shapes that actually occur in real impact. Suemasu et al. (2007) attempted more realistic 
shapes with wedge shaped delaminations without success. If delamination shape was 
the only reason for the discrepancy between the model and reality, the onset of 
delamination buckling should be at a higher load for the real impact damage as the 
width of each of the delaminated regions is much smaller. Zeng and Olsson (2002) 
approached the problem differently and examined the effect of a single circular 
delamination model with a soft inclusion region representing the damage caused by 
fibre fracture and matrix cracking. The effect on the buckling load was, however, very 
limited and did not agree with the experimental observation in Figure 4.1. This suggests 
that both the shape, number of delaminations and the inplane damage are important to 
correctly model the compressive failure. This work will concentrate on modelling of the 
inplane damage at the micro scale as presented in Figure 4.2, showing the idealised 
break down of scales and a micrograph of the fibre fracture caused by impact, idealised 
in this study. While there is no experimental data to support the hypothesis of this fibre 
interpenetration, it is thought that this is will prevent the distinct separate buckling of 
the individual sublaminates and instead cause them to buckle as a single entity with 
reduced stiffness. Chapter 5 will model the delaminations and incorporate the findings 




Figure 4.2 a) From laminate to fibre highlighting the difference between laminate scale and micro 
modelling and b) Experimentally created fibre fracture cracks; Davies and Olsson (2004) 
The expected outcome of this work initially was that the fibres would interpenetrate the 
adjacent fibres like bristles in adjacent brushes being pushed together, Figure 4.3. 
 
Figure 4.3 Interpenetration of bristles on adjacent brushes 
For this reason a large amount of the preparatory work for the research presented in this 
chapter was focused on the behaviour of the matrix material between the fibres, 
undergoing large deformation at large compressive strains. Section 4.2 focuses largely 
on this behaviour, by trying to understand the compressive behaviour of epoxy resins 
and identifying a suitable model for capturing this behaviour in the FE models. 
4.2 Material Behaviour 
This section concentrates on the material models for the fibres and matrix materials in 
the FE models. The material that has been chosen this is IM7/8551-7 and represents a 
typical aerospace grade carbon/epoxy pre-preg system and was chosen because of the 
availability of data for both the individual fibres and the matrix. 
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4.2.1 Fibres 
The fibres are assumed to be linear elastic and transversely orthotropic, Whitney (1967). 
This is modelled in ABAQUS using an orthotropic material model, with the major axis 
along the fibre axial direction. The material properties for the fibre have been obtained 
from, Pinho et al. (2008). The fibres are also assumed to be perfectly circular and of 
uniform size although in reality this is not the case, Jones (1999). This is an assumption 
made in most models of fibres and matrix at this scale, such as those used for modelling 
of kink bands, Rosen (1965), Jelf and Fleck (1992), Kyriakides et al. (1995), Fleck 
(1997) and Vogler et al. (2001). The same assumption shall be made here for modelling 
simplicity. 
4.2.2 Polymer Yielding and Plasticity 
The behaviour of epoxies and polymers is generally different from other material such 
as metals in that the yielding and post yielding behaviour is dependent on the 
hydrostatic stress component and not just the deviatoric stress component, McCrum et 
al. (1997). This results in a difference in the yield stress in tension, compression and 
shear because of the hydrostatic component of the stress. The hydrostatic stress 
component determines the yield stress  for most polymers, including epoxies, as they 
are pressure sensitive, so the yield stress increases for increasing hydrostatic pressure, 
McCrum et al. (1997). 
This hydrostatic pressure component can also affect the deformation behaviour of the 
polymer, depending on the applied stress. In compression and shear, shear yielding 
occurs without intermolecular cohesion in the polymer being lost, so little or no change 
in volume or density occurs. Particularly for rubber toughened polymers in tension 
cavitation occurs. This is where voids and fractures occur in the polymer due to loss of 
local intermolecular cohesion and results in reduction in density of the sample, Bucknall 
(1977). Where there are rubber particles in the polymer these form the ideal initiation 
sites for void formation, due to the reduced strength of the rubber polymer interphase, 
Dean et al. (2002). 
Cavitation occurs under tensile loading conditions and results in either the formation of 
voids in the material or fracture. Unlike metals, these fractures do not form cracks 
which continue to open. In polymers the cracks are bridged by fibrils of polymer chains, 
which prevent the cracks from opening and result in crazing, which appears as the white 
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lines that occur in everyday polymers that have been excessively deformed, McCrum et 
al. (1997) 
In compression and shear the yield is due to diffuse shearing of the material or local 
shearing of the material through the formation of kink bands within the polymer, Ward 
(1983) and McCrum et al. (1997). Knowing the exact details of this behaviour is not 
important because the FE model does not attempt to replicate this failure in the material 
rather it replicates the stiffness reduction caused by these failures and smear it across the 
material. 
The onset of these yielding and failure mechanisms and the change from linear elastic 
behaviour to non-linear plastic behaviour in the model is defined as the yield point. In 
metals this point can be measured simply from a stress strain curve. In polymers the 
yield point for the polymer can be somewhat ambiguous rather than a clearly defined 
point on the curve. This is because polymers undergo different kinds of failure 
depending on the type of polymer and its chemical composition, the number of cross 
links between polymer chains and the ambient temperature, Bucknall (1977). This 
results in a range of failure modes that can be displayed on a stress strain curve as seen 
in Figure 4.4. 
 
Figure 4.4 Stress/strain plot of polymer failure modes; Ludovice (1999) 
For polymers, as can be seen Figure 4.4, Ludovice (1999), there is no clear cut yield 
point. This is particularly obvious for polymers that exhibit shear yielding or yield with 
cold drawing, where the yield value normally is considered to be the maximum value at 
the first peak, Ward (1983). 
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Where there is no clearly defined peak or for brittle polymers there are two methods for 
determining the yield stress. The first method is called the Considere’s construction 
which uses a tangent drawn between the stress strain curve and -1 strain to define a 
maximum or minimum on the stress strain curve this can be used to define the yield 
stress or the point post yielding where hardening will begin to occur, Swallowe (1999). 
 
Figure 4.5 Considere’s construction; Swallowe (1999) 
The second method is a simpler method based on linear elasticity theory, i.e. that the 
slope of the stress strain curve will be linear in the elastic region resulting in a constant 
value of Young’s modulus and when this stress strain curve becomes nonlinear this is 
considered to be the yield point and plastic deformation has started to occur. The exact 
onset of non-linearity on the stress strain curve is hard to pin point, so the concept of 
proof stress is used, this is where a line is drawn parallel to the linear elastic portion of 
the curve but offset by 0.1% strain and the yield or proof stress is where there parallel 
line intersects the non-linear section of the stress strain curve. This method was 
employed by Dean and Crocker (2001) to determine yield stress and is illustrated in 
Figure 4.6. 
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Figure 4.6 Dean yield stress calculation method; Dean and Crocker (2001) 
The yielding and post yielding behaviour presented here is for uni-directional loading. 
Due to the matrix material having fibres embedded and the fact that the region of matrix 
between the fibres being modelled is relatively small, the influence of the fibres on this 
region of matrix is likely to result in a three dimensional stress state in the matrix. 
Under triaxial stress states, the same deformation behaviour still occurs, although the 
stresses that cause the deformation are much more complex. There are test methods 
available to measure the stress-strain behaviour of materials under tri-axial stress states, 
such as the poker chip coupon test used by Kawabata (1982), or using a tri-axial test 
machine, where the testing is conducted in an oil filled pressure chamber or Hoek cell 
which allows a hydrostatic pressure to be applied to the sample, Hine et al. (2005). 
Another important consideration is that the bulk properties of the matrix determined 
using triaxial tests are likely to be different to the properties of the matrix embedded 
between the fibres, where there are likely to be fewer flaws present in the resin. This 
results in much higher strains being observed on the micro-scale than for bulk material, 
with failure strains up to ten times greater being reported between fibres, Bradley 
(1989). No data is available on the chosen resin at the micro-scale and experimental 
determination of these properties is beyond the scope of this research so the bulk 
properties for the resin were used instead. 
 
4.2.3 Material Model Considerations 
While the fibres can be linearly elastic clearly the matrix needs to have some form of 
plastic deformation and yielding included in the material behaviour to accurately model 
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the behaviour of the matrix between these intersecting fibres. This had to be readily 
available within ABAQUS/Explicit which is being used for modelling these fractured 
fibres, as the focus of the research was not to develop a plasticity model and should be 
able to capture the non-linear behaviour of the matrix. Ideally the chosen material model 
should also capture the triaxial stress state that the matrix would experience embedded 
between the fibres. The simplest model for this would be elastic ideally plastic, but this 
would not capture the non-linear behaviour, post yielding. This leaves the Mohr-
Coulomb or the Drucker Prager material models, the Drucker Prager model is a 
smoothed Mohr-Coulomb model and can calculate the triaxial behaviour from uniaxial 
stress strain data. Consequently the Drucker Prager model was chosen to represent the 
plasticity of the matrix in these micro-scale FE models. 
4.3 Drucker Prager Model 
The Drucker Prager (DP) plasticity model was developed in the 1950s to model soil 
mechanics in civil engineering problems, Drucker and Prager (1952). It has later been 
applied to polymers and successfully used to model plastic deformation of resins, Dean 
et al. (2004) and to model the matrix behaviour in kink band models of CFRP 
composites, Vogler et al. (2001). 
The DP model in ABAQUS requires input three parameters, β, ψ and κ, which can be 
calculated from uniaxial material test data. These parameters are the angle of friction β, 
which is a measure of the sensitivity of the material yield stress to hydrostatic pressure, 
the dilation angle ψ, which measures the compressibility of the yielded polymer and the 
flow stress ratio κ which is the ratio of the compressive and tensile yield strengths. The 
parameters ψ and β can be seen in Figure 4.7a where d represents the yield stress and t 
and p represent the deviatoric and hydrostatic stress components respectively, β shows 
the sensitivity of the polymer yield stress to hydrostatic pressure, which in this instance 
is a linear response and ψ shows the compressibility of the yielded polymer post 
yielding. The yield surface shape defined by the parameter κ is shown in Figure 4.7b 
where S1, S2 and S3 are the three principle stress components. The parameter κ has a 
limiting value of 0.778 to ensure that the yield surface remains convex, ABAQUS Inc. 
(2006). 
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Figure 4.7a) Dilation angle ψ and angle of friction β, b) Yield surface shape defined by flow 
parameter, κ; ABAQUS Inc. (2006) 
The parameters β and κ are determined from the yield stresses in tension σT compression 
σC and shear σS. There are three ways of calculating β depending on which pair of yield 















































σβ 313tan 1  (4.1c) 
The flow stress ratio κ, Equation 4.2, is the ratio of yield stresses and has to conform to 
a value between 0.778 and 1.0, where 1.0 represents the von Mises’ failure surface, i.e. 





σκ =  (4.2) 
ψ is calculated from the plastic Poisson’s ratio νp, which is measured in the same way as 
the elastic Poisson’s ratio apart from on a material undergoing plastic rather than elastic 
deformation, Dean and Crocker (2006), Equation 4.3. 
 












tan 1  (4.3) 
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While these three parameters define the yield surface for the material, to capture post 
yielding behaviour, data points are required to represent the stress strain curve post 
yielding. Thus, for any given matrix material a full stress strain curve up to failure, 
ideally in compression, is required. 
Due to the unknown value of the plastic Poisson’s ratio νp for the epoxy resin of 
interest, 8551-2, and the three different methods of calculating β the maximum possible 
range of values for these three parameters were considered, while the values for ψ and κ 
were linear or quasi-linear over this range. β however showed strong non-linearity and 
also proved to be strongly dependent on the input equation used, Figure 4.8. 
 
Figure 4.8 Drucker Prager Beta Parameter Variation; Craven et al. (2009b) 
To determine the sensitivity of the mechanical properties of the matrix to the variations 
in possible input parameters β, ψ and κ, a simple test was defined based upon the 
ABAQUS verification test for the DP material model. The verification tests consisted of 
four single element cubes, two loaded under plane strain conditions and two loaded 
under plane stress conditions. Each pair of cubes, the plain stress and plane strain, were 
then loaded in two different ways one in compression and one in shear, and the elastic, 
plastic response of these cubes can then be recorded, the loaded cubes are shown in 
Figure 4.9. 
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Figure 4.9 Drucker-Prager parameter sensitivity study FE model 
The stress strain curves generated from these cubes with different input parameters 
could then be used to determine the sensitivity of the material stress-strain curve to 
these different input parameters. The actual running of the test was conducted by a 
MEng final year project student S. Pindoria and the full details of the simulations can be 
found in Pindoria (2008) and a summary of the results can be seen in Figure 4.10. 
4.3 Drucker Prager Model 
100 
 
Figure 4.10 a) Compressive stress strain for variation of β, b) Shear stress strain for variation of β, 
c) Compressive stress strain for variation of κ, d) Shear stress strain for variation of κ, e) 
Compressive stress strain for variation of ψ, and f) Shear stress strain for variation of ψ; Pindoria 
(2008). 
 The interpretation of the results presented here has been conducted by the author. The 
general trend was for the compressive stress to vary more between the plane stress and 
plane strain cases than the shear stress, which showed no significant difference. Varying 
the dilation angle ψ, was found to cause the least variation in the results, which is an 
important finding as no values for the plastic Poisson’s ratio for the chosen resin are 
available. As the results are fairly insensitive to this parameter, this enables the value of 
ψ obtained for a similar resin to be used. 
Variation in the value of β was found to have the largest effect on the results, 
particularly in shear loading. The general trend suggests that as the hydrostatic pressure 
increases the compressive yield stress in plane strain increases considerably and the 
shear yield stress for plane stress and plane strain drops considerably. Another 
important point to arise from these tests is that models did not converge for values of β 
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outside the range 15º – 65º. This means that the value of β calculated for the epoxy resin 
8551-7 using Equation 4.1c is not valid, Pindoria (2008). Consequently the value of β 
obtained for use in the FE models was calculated from Equation 4.1b based on 
recommendations given by Dean and Crocker (2006). 
4.4 Single Fibre Penetration Models 
This section of the chapter looks at the initial models involving 3 fibres, two bonded 
together by a region of matrix material and a third fibre penetrating between the other 
two. The 2D modelling for this work was conducted by a MEng final year project 
student, Pindoria (2008). The 3D modelling and all analysis and interpretation of results 
were conducted by the author. The first section concerning the modelling technique 
Section 4.4.1 is applicable to both the single fibre models in this section, and the fibre 
cluster models in Section 4.5. 
4.4.1 Modelling Technique 
The fibre/matrix properties used were, as previously mentioned, those of IM7/8551-7. 
The dimensions and elastic properties of the fibre can be seen along with the elastic and 
plastic properties of the matrix and were taken from Pinho et al. (2008). 
Table 4.1 Fibre and Matrix Material Properties; Pinho et al. (2008) 
Material Property  Fibre  Matrix 
Elastic Modulus E (GPa)  E1  276  4.08 
  E2  19  — 
  E3  19  — 
Shear Modulus G (GPa)  G12  27  1.478 
  G13  27  — 
  G23  7  — 
Failure Stress σ (MPa)  Tensile  —  99 
  Compressive —  130 
  Shear  —  57 
Failure Strain ε (%)  Tensile  —  4.4 
  Compressive —  9.0 
  Shear  —  5.1 
Poisson’s Ratio ν  ν12  0.2  0.38 
  ν13  0.2  — 
Density ρ (kg/m3)    1790  1272 
Diameter d (µm)    5  — 
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The FE code used for this work was ABAQUS/Explicit 6.7, where the fibres were 
modelled as linear elastic and the surrounding matrix as elastic DP plastic. The fibres 
were joined to the matrix material using tie constraints. Cohesive elements were 
considered so that the fibre interphase region could be modelled but this would have 
increased the solution time and complexity of the simulations and accurate data for this 
region was not readily available, so the simpler tie constraint was used. Similarly, 
friction between the parts was ignored as no values of this were available and could 
have caused instabilities in the contact convergence.  
Four noded plane strain (CPE4R) elements were used for the 2D models and 8 noded 
brick elements (C3D8R) were used for the 3D models. Contact algorithms were 
adjusted using an iterative process to obtain convergence while minimising inter-
element penetration. For the 3D case, to reduce the number of elements, decrease 
solution times and solve problems with contacts, the single penetration fibre was 
modelled as a rigid body. This was felt to be acceptable as deformation of the fibre had 
neither been observed in the 2D case nor was expected.  
The bending stiffness (EI) of the 2D fibres was matched to that of the 3D fibres. The 2D 
fibres were assumed to have the same height as the diameter of the 3D fibres, and were 
given a nominal thickness (in order to calculate I). Thus, by adjusting the value of 
Young’s modulus for the 2D fibre the EI of the two fibres can be matched. This results 
in a different axial stress strain prior to buckling but this was corrected when comparing 
the results.  
The fibre spacing for the 3D model was taken from an idealised distribution of fibres 
with a fibre volume fraction of 60%, typical of aerospace composites. For the 2D case 
the fibre spacing was determined by taking an arbitrary maximum and minimum 
distances for ideally spaced fibres between fibres, Figure 4.11. The effect of varying the 
fibre spacing is considered in Section 4.4.2. 
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Figure 4.11 Determining the range of fibre spacing for the 2D fibre penetration model; Craven et 
al. (2009b) 
The model meshes were converged to the limits of the available hardware, but the effect 
of mesh density on the results is considered minimal. Symmetry was used where 
possible, to minimise the number of degrees of freedom in the model. With the 2D 
models this was simply a case of adding symmetry boundary conditions down the mid-
plane.  
With the 3D case this was more complex the model assumes that a single penetrating 
fibre is pushed into a cluster of regular hexagonally spaced fibres. In order to reduce the 
computational demand of the simulation, the target of clustered fibres was reduced 
using symmetry and symmetrical boundary conditions to reduce the target fibres to the 
smallest unit cell possible, Figure 4.12. 
 
Figure 4.12 Definition of unit cell and FE representation of unit cell; Craven et al. (2009b) 
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Then a series of constraints were applied to the behaviour of this unit cell based on the 
assumptions of laminate theory and the geometry of the unit cell within an impact 
damaged laminate. The assumption was that due to delaminations and out of plane 
deformation of the laminate these fractured fibres would be free to move in this Z 
direction. Whereas in the transverse inplane Y direction the fibres in the fibre fracture 
cracks would be bounded by unbroken fibres beyond the ends of the crack which would 
prevent free movement in this direction. 
4.4.2 Models 
The purpose of the single fibre penetration models was to determine the stress required 
for a fibre to penetrate the matrix between surrounding fibres under ideal fibre spacing 
conditions. Two models were developed: the 2D Figure 4.13a model to provide a 
computationally efficient model with a solution time of around 30 minutes on 1 CPU 
with 2GB of RAM for conducting small parametric studies, and a 3D Figure 4.13b unit 
cell model to model the problem more realistically albeit with a significant time penalty. 
The solution time for the 3D model was around 24 hours and for that reason the 3D 
model was limited to the ideal case.  
 
Figure 4.13a) 2D single fibre penetration model and b) 3D single fibre penetration model; Craven et 
al. (2009b) 
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Figure 4.14 shows the solution process for the 2D single fibre penetration model, Figure 
4.14a gives the initial conditions of the fibre and matrix and the penetrating fibre as well 
as the line of symmetry used in the model. Figure 4.14b shows the first stage where a 
tangential opening velocity is being applied to the fibre, so that the fibres open 
sufficiently to provide enough space for the penetrating fibre to enter. In Figure 4.14c 
the second stage occurs and an axial velocity is applied to the penetrating fibre so that 
the fibre penetrates the matrix and causes it to deform plastically. Figure 4.14d shows 
the final solution shows a penetrated fibre and deformed matrix. It should be noted that 
the figures are only a close up of the penetration site where as the full model is much 
longer than this and that the 3D model simulates exactly the same process. 
 
Figure 4.14 2D single fibre model; a)  initial conditions, b) step one fibre opening, c) step two fibre 
penetration, d) final solution with fibre penetrating the matrix; Craven et al. (2009b) 
The results of the second stage in these models are plotted as stress strain curves where 
the strain is determined as the distance moved by the penetrating fibre divided by the 
length of the model (10 fibre diameters), and the stress is the average far field stress 
taken from the far left end of the model. 
The average stress is obtained by multiplying the average stress in the fibre and matrix 
with their corresponding volume fractions. The average stress may not be obtained by 
simply averaging the nodal stresses in the finite element model since the nodes are not 
evenly distributed between the fibre and matrix parts. 
The true stress σTrue is determined using Equation 4.4, which averages the apparent 
stress σApparent on the far end of the model with respect to the relative Young’s moduli of 
the fibre and matrix Ef and Em, the fibre and matrix volume fraction of the model vf  and 
vm and the nodal fractions of the model are nm and nf of the matrix and fibres 
respectively. The nodal fractions are obtained by dividing the number of nodes for a 
specific component Ni with the total number of nodes N, 
 assume equal strain 

































The 3D unit cell model analysis and results were obtained in exactly the same way as 
the 2D fibre penetration models and all results presented in the next section use the true 
stress, σTrue. 
4.4.3 Results and Conclusions 
Only one parametric study was conducted with the 3D models due to the length of time 
required for the model to reach convergence. However due to problems with the 
penetration of an ideal fibre with a very sharp clean edge, of the type observed in 
fractographic images it was decided to look at the effect of different round over 
variations for the various fibres, Figure 4.15. The results show that the initial 
penetration stress is unaffected by the round over, but that the onset and severity of the 
strain hardening in the matrix material is severely affected, so that the round over on 
these models should be the minimum possible.  
4.4 Single Fibre Penetration Models 
107 
 
Figure 4.15 a) 2D and 3D single fibre penetration model stress strain plots showing effect of fibre 
round-over. b) Penetrating fibre variation in round over used; Craven et al. (2009b) 
The results for all the parametric studies for the 2D models are available in Pindoria 
(2008) so they will not be presented here. The conclusions drawn from the results and 
the influence of the different parametric studies will be discussed. The main parameters 
studied were, thickness of the matrix material, fibre modulus, matrix strength, method 
of determining β and the effect of rounded fibres (see Figure 14.4b for fibre rounding 
variation), which for the 2D models was negligible [19]. The effect of matrix thickness, 
varied between 0.5 and 2 fibre diameters, was that the initial penetration stress was 
similar for the thinner matrix thickness but the stress quickly increased to 50% higher 
values than for the thicker matrix thickness. The effect of matrix strength was found to 
be as expected, i.e. that the stress varied in proportion to the relative strength of the 
material. The effect of using Equations 4.1a and 4.1b to calculate the value of β show 
only a 5-6% difference in stress/strain results between the models, suggesting that the 
influence of β is not as high as previously thought based on the DP input parameter 
sensitivity study presented in Section 4.3. Finally there seemed to be minimal difference 
in the results from models using carbon fibres compared with those using glass fibres, 
suggesting that the matrix strength is the most important factor for penetration rather 
than the bending stiffness of the fibre. 
4.5 Fibre Cluster Models 
The single fibre penetration models determined the compressive stress required for fibre 
penetration under ideal conditions. The fibre cluster models were developed to 
determine if fibre penetration would occur under more realistic conditions and the 
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length of the models for the 2D case were also increased to 200 fibre diameters (fd) to 
allow for buckling of the fibres rather than penetration as this was considered to be an 
option. The models represent a slice vertically through a single ply, in the middle of a 
fibre fracture crack region, with symmetrical boundary conditions applied to both of the 
large faces to represent the rest of the ply, Figure 4.16.  
 
Figure 4.16 The location of the fibre cluster model within a laminate 
The length 200 fd was chosen based on typical lengths for kink band models, Vogler et 
al. (2001). The number of elements required to mesh a 3D model 200 fd in length 
required more computational power than was available so the 3D models were made 20 
fd in length. The 2D models were essentially the same as the single fibre models with 
10 fibres joined with 9 matrix regions. These were modelled using CPE4R 4 node plane 
strain elements with an element size of 0.2 fd2 or five elements through the thickness of 
the fibre. This element size transitioned to 1 fd2 half way down the length of the model 
away from the region of interest to reduce solution time. The 3D model used C3D8 
elements with wedge elements for the fibres with width 0.2 fd arc of 6º and aspect ratio 
of 1:2 width to length. The matrix used a mesh density of 0.1 fd2 with an aspect ratio of 
1:4 width to length, Figure 4.17. The boundary conditions applied symmetrical 
boundary conditions across the long faces, free edges at top and bottom, to simulate free 
regions caused by delamination and applied the velocity controlled displacement at 
opposing ends to the fibre fractured face. 
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Figure 4.17 3D Fibre Cluster Mesh 
These were separated into two sections each 100 fd length that were pushed into each 
other, Figure 4.18a. The 3D model was very similar, with 5 unit cells tied together 
separated into two sections each of 10 fd length, Figure 4.18b. As with the single fibre 
penetration models, the 2D models solved much faster (in the order of 6 h) and were 
used for various parametric studies. The 3D case took 72 hours to solve with 2CPUs 
and 4GB of RAM and only considered the ideal geometric case. 
 
Figure 4.18 a) 2D fibre cluster model and b) 3D fibre cluster model; Craven et al. (2009b) 
Similarly as with the 2D models for the single fibre penetration case the 2D fibre cluster 
models and associated parametric studies were performed within a MEng final year 
project and the full details of all results are given by Pindoria (2008). The main 
conclusions from this work and the 3D models will be presented here. 
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The 2D models were used to look at the effect of fibre eccentricity, variation of fibre 
volume fraction (by varying the matrix thickness), irregular ends on the fracture surface 
and rounded fibres. The studies of irregular fracture surfaces, matrix spacing and fibre 
round-over were aimed at determining if these features promoted fibre penetration or 
not. The conclusions from these studies were that they did not so they will not be 
discussed further here. 
Eccentricity in this instance is defined as the distance between the centre lines of 
opposing fibres where an eccentricity of 0 is where the fibres are perfectly aligned and 
an eccentricity of 1 is where the fibre is aligned with the corresponding matrix, The axes 
show the true axial stress measured at the end of the fibre cluster model, 100fd away 
from the contact region and the normalised strain which considers the strain in both 
fibre clusters with the rigid body movement removed, Figure 4.19b. 
 
Figure 4.19 Results from varying fibre eccentricity in 2D fibre cluster models; Craven et al. (2009b) 
It was expected that the greater the eccentricity, the lower the fibre bending stress would 
be. This was not the case as it was shown that eccentricities of 0 and 1 had the highest 
bending stress and initially compressed axially without bending, then started to bend at 
a higher applied strain, while the bending behaviour for eccentricities of 0.25 and 0.75 
were similar and 0.50 was considerably lower and initiated before any significant axial 
compression. Looking at the diagrams of the relative eccentricities, Figure 4.19b these 
results become obvious. Eccentricities of 0 and 1 are both butted up fibre onto opposing 
fibre to fibre with one fibre butted up to one fibre in the 0 case and one fibre equally 
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butted onto two fibres in the 1 case. 0.25 and 0.75 are butted up to fibre and matrix with 
the majority of the fibre being butted to fibre, with some matrix taking the remaining 
load this appears to cause the fibre bending to initiate earlier as the portion of fibre 
supported by matrix penetrates the matrix introducing a rotational effect to the 
behaviour of the cluster. For the 0.5 case where half the fibre is supported by the matrix 
this rotational effect is almost immediate and results in a very early onset of fibre 
bending resulting a much reduced apparent axial stiffness. 
All of the parametric studies show no signs of fibre interpenetration in the cluster 
models, suggesting that while the fibre bending seems to occur at a higher stress that the 
fibre penetration of the single fibre models, the fibre volume fractions modelled 
prevents this from occurring.  
The results for 200 fd length 2D model were normalised using Equation 4.4, to allow 
them to be compared with the 20 fd length 3D models as the models had different 
geometry and mesh densities and by rescaling to the same fibre volume fraction, Figure 
4.20. The buckling stresses of the two models are obviously different as the 2D model is 
10 times the length of the 3D model, but the stiffness prior to buckling is identical for 
both models suggesting the behaviour captured in both models is the same. 
 
Figure 4.20 Results plot for fibre cluster models using normalised results (eccentricity 1.0 for 2D 
and 0.0 for 3D Models); Craven et al. (2009b) 
4.5.1 Analytical Buckling Model 
The simulations run using fibre cluster models suggest that fibre penetration is unlikely 
to occur due to the fibre volume fractions used in aerospace preg-pregs, which results in 
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a fibre spacing that is too closely packed to allow fibre penetration even when allowing 
for spreading of the fibre cluster. This means fibre buckling is the most likely behaviour 
to occur it was decided to compare the FE results with analytical buckling models to see 
how close a mach the predictions would be. Euler (Equation 4.7) and Timoshenko 
(Equation 4.8) buckling theories, Timoshenko (1936) were used to determine analytical 
comparisons to the FE predictions of the buckling stresses. Both analytical models 
assumed that the fibres and matrix could be represented as a homogenised beam of the 
same dimensions with smeared properties of the fibre and matrix, which were calculated 
using the rule of mixtures equations Equation 4.5 and 4.6. 
 ffmm EvEvE ⋅+⋅=  (4.5) 
 ffmm GvGvG ⋅+⋅=  (4.6) 
 ( )22 4ALEIAPEE πσ ==  (4.7) 
 ( )[ ]KGEEB σσσ += 1  (4.8) 
where E, I and A are Young’s modulus, Second moment of area and cross sectional area 
respectively. L is the length, G is the shear modulus, σE is the Euler buckling stress and 
K is a shear factor, which in the present case of a rectangular cross section is K =5/6. 
The model assumes that the two halves of the fractured ply can be modelled as beams 
with one end fixed and one end free at the fibre fracture crack surface. 
 
Figure 4.21 Analytical buckling values FE models comparison (eccentricity 1.0 for 2D and 0.0 for 
3D Models); Craven et al. (2009b) 
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The results are shown in Figure 4.21 and show some correlation for the 2D case while 
overestimating the buckling stress, although the buckling stress in this model is much 
higher than for a single fibre of the same length. The 3D models show very poor 
correlation which is probably due to the aspect ratio being 2:1 (due to the restrictions on 
the size of the model) which results in the FE model exhibiting fibre bending and matrix 
shearing rather than a buckling failure. At this length though the buckling stress of a 
single fibre provides a much more suitable lower bound prediction for the buckling 
stress. 
4.6 Conclusions 
In conclusion this chapter presents the research conducted on modelling fractured fibres 
under compression at the micro-scale. Contrary to expectations the fibres did not inter-
penetrate, rather they behaved as one single unit and acted like the free edge of a plate. 
The chapter initially looks at the behaviour of a polymer matrix material under 
compressive loading and the failure modes and indentifies the best material model 
available to model this within the FE package being used. This was determined to be the 
Drucker Prager plasticity model. 
An initial study was conducted to determine the sensitivity of the results of the DP 
model to different input parameters, due to there being three ways of calculating one 
parameter and ambiguity about other parameters. This study found that the angle of 
friction β, which affects the hydrostatic sensitivity of the material, was the most 
significant although in the actual models this was determined not to have a significant 
effect. This is thought to be because in the initial study a single element cube was used 
was a single cube of the matrix material, so the affect of changing the β parameter was 
clearly observed, in the final models, where the behaviour was fibre dominated and only 
a fraction of the elements in the matrix deformed plastically, this sensitivity of the 
matrix undergoing plastic deformation to the β parameter, did not significantly affect 
the model on a global scale. 
The findings of the single fibre penetration and fibre cluster models are that while the 
stress for penetration of a fibre into matrix under ideal conditions is lower than the 
buckling stress of a cluster of fibres, the geometry of the fibres at fibre volume fractions 
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typical in aerospace composites prevents fibre penetration from occurring. Fibre 
penetration could, however, still occur in resin rich reasons such as voids, ply 
boundaries and in laminates with much lower fibre volume fractions. The elastic 
behaviour of the models suggests that the 2D model captures the behaviour of the 
problem as well as the 3D model does, meaning that the simpler and more efficient 2D 
model is valid for parametric studies. The analytical buckling models show some 
agreement for the 2D case but for the 3D case the agreement is very poor due to the low 
aspect ratio of the 3D model. 
The results of this research suggests that in compression fibre fracture cracks should be 
modelled as elliptical cracks as they are in tension, which can then act as a free edge, 
with contact between the two adjacent faces. This is a better representation of the reality 
based on these detailed models than having a region of reduced material properties 
around the cracks location to represent the limited residual stiffness offered by 





Chapter 5  
Delamination Buckling Models 
The research presented in this chapter is similar to the work in Chapter 3 in that it looks 
a macro scale models of laminates with idealised detailed models of impact damage 
within them. Similarly these models are subjected to inplane loading. The difference 
being that the loading is compressive not tensile. The main failure mechanisms in the 
compressive loading case are buckling and delamination growth. This research focuses 
on identifying the important parameters of impact damage affecting the residual 
stiffness of the structure so delamination growth has been ignored and only local 
buckling of the damage region has been considered. Impact damage subjected to 
compressive loading is considered more critical than tensile loading as the damage can 
lead to significant stiffness and strength reductions of up to 60%, under compressive 
loading, Sjögren et al. (2001) 
5.1 Introduction 
While this damage is a complex interaction of matrix cracking, delamination and fibre 
fracture, the dominant damage mechanism causing failure in compression is 
delamination, Abrate (2005) and Srinivasan et al. (1992). This is a well known 
phenomenon and one that has been extensively studied, using experimental, analytical 
and computational techniques over the past 30 years. 
Experimental studies have been conducted by Clarke and Pavier (1993), Suemasu et al. 
(1998), Olsson et al. (2000) and Asp et al. (2001), where Teflon film inserts have been 
used to create either single or multiple artificial delaminations through the thickness of 
the laminate. Mostly these delaminations have been circular although Clarke and Pavier 
(1993) used rectangular delaminations. Analytical models initially focused on thin film 
delamination models with a single sublaminate, Shivakumar and Whitcomb (1985), 
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Davidson (1991) and Li et al. (1999), and have been used to predict delamination 
growth Chai and Babcock (1985) and Whitcomb and Shivakumar (1989). More recently 
the have been used to predict the buckling of multiple delaminations, Suemasu (1993a) 
and Suemasu (1993b). Computational models of single and multiple delaminations have 
been produced using FE in many studies, Davidson (1989), Whitcomb (1992), Lee et al. 
(1995a), Pavier and Clarke (1996), Suemasu and Kumagai (1998) and Suemasu et al. 
(2007). As with the experimental models most of the analytical and computational 
models have focused on circular or elliptical delaminations. Although these models 
predict the buckling load within 10-15% of real impact damage and there often is a 
good agreement between experimental and computational results, there is a marked 
difference between the predicted and observed local buckling behaviour of the impact 
damage, Figure 5.1. Without capturing the buckling behaviour, the post-buckling 
behaviour and damage growth cannot be correctly modelled. 
 
Figure 5.1 Load vs. out-of-plane displacements from experiments; Olsson et al. (2000) 
One possibility for this difference in behaviour between artificial and real impact 
damage is the fact the artificial, circular delaminations, are much simpler than the 
lemniscate or “peanut” shapes that delaminations are in reality. Figure 5.2a and 5.2b 
show ultrasonic images of impact damage and 5.2c shows an idealised computation 
model of the delaminations. To the best of the author’s knowledge the only studies to 
attempt more complex and realistic delamination shapes are Suemasu et al. (2007) and 




Figure 5.2 a) Ultrasonic scan of impact damage in 32 ply laminate; Aoki et al. (2009) b) Ultrasonic 
scan of impact damage in 64 ply laminate; Aoki et al. (2009) and c) Idealised model of 
delaminations caused by impact damage 
Another possibility is that the fractured fibres provide a region of local stiffness 
reduction which was represented by a soft inclusion region in Zeng and Olsson (2002). 
This did not seem to have a significant effect and produced similar results to those in 
Figure 5.1. Similarly Riccio and Pietropaloi (2008) have considered effects of matrix 
cracking and fibre fracture using Hashin failure criteria developed by Hashin (1980) and 
instantaneous stiffness degradation which seems to improve the accuracy of the model 
relative to the experiment, but they only considered single circular delaminations. 
The research in Chapter 4 showed that fractured plies in fact act as free edges rather 
than as softened regions caused by interpenetration of fractured fibres as postulated by 
Zeng and Olsson (2002). These findings suggest that the number, shape and size of 
delaminations are important and complex delamination shapes, such as peanuts, should 
be modelled along with the inclusion fibre fracture cracks as was done in previous work 
on impact damage under tensile loading in Chapter 3. 
The focus of this chapter is to develop an idealised detailed model of impact damage 
using ABAQUS 6.8 that has multiple realistically shaped delaminations between plies 
and includes fibre fracture cracks. Then apply this model to study different parameters 
of impact damage such as delamination shape and size, the effect of fibre fracture 
cracks and the distribution of delaminations through the thickness. Initially the thin film 
single delamination model will be modelled to develop the modelling techniques and to 
validate with existing closed form thin film model. 
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5.2 Modelling Technique 
Finite element modelling is conducted using ABAQUS 6.8/Standard, the models 
replicate the standard Boeing CAI test specimen size of 154 mm by 100 mm. The 
carbon fibre epoxy pre-preg system modelled is IM7/8551-7, the properties have been 
taken from Pinho et al. (2008) and are E11 = 165 GPa, E22 = E33 = 8.4 GPa, G12 = G13 
= 5.6 GPa, G23 = 2.8 GPa, ν12 = ν13 = 0.34 and ν23 = 0.5. The lay-ups are eight ply, 
balanced, quasi-isotropic (QI) laminates, with four different stacking sequences 
(0º/+45º/-45º/90º)s, (+45º/90º/0º/-45º)s, (-45º/90º/+45º/0º)s and (90º/0º/+45º/-45º)s.  
The lay-ups are constructed as individual parts from C3D20, a 20 node quadratic brick 
element, where the plies have one element through the thickness and between 500 and 
2500 elements per ply depending on the shape and size of the delamination and whether 
fibre fracture cracks are present or not. This equates to approximate element sizes of 10 
mm2 around the edge of plate and 0.5 mm2 in the centre of the damaged region. The 
mesh is generated using the hex-dominated, advancing front algorithm, which is based 
on local seed placement. This enables a mesh that is much denser around the 
delamination region and less dense in the surrounding area to be generated, a typical 
example of this can be seen in Figure 5.3 
 
Figure 5.3 Typical mesh for peanut with star cracks eight ply laminate 
5.2 Modelling Technique 
119 
 
Figure 5.4 a) Delamination and crack patterns for single delamination models b) Delamination and 
crack patterns for multiple delamination models 
The delaminations have several different shapes depending on whether they are for the 
thin film models with a single sublaminate, Figure 5.4a or for the multiple delamination 
models, Figure 5.4b. For the thin film models the delaminations were chosen to match 
those used in the analytical models in Shivakumar and Whitcomb (1985). The multiple 
delaminations used more realistic delamination patterns such as those used in Chapter 3 
for the idealised delaminations in tension, and are designed to be a closer realisation of 
impact induced delaminations. 
The fibre fracture cracks were added to the models where required, in the same way as 
described in Chapter 3. The crack patterns are line crack for the thin film as there is only 
a single sublaminate to have a crack present and for the multiple delamination models, 
the star crack, which was determined to be the worst crack distribution from the tensile 
studies in Chapter 3, and finally a random crack distribution to see if the distribution of 
cracks influences the buckling behaviour. 
The plies are connected together to form the laminate in the same way as described in 
Chapter 3, a surface is defined on the face of each ply, which includes all nodes outside 
the delaminated regions. Then adjacent ply surfaces can be tied together using the tie 
command when assembled. 
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Figure 5.5 a) Boundaries of contact regions for peanut delamination model and b) idealised image 
of contact surfaces, expanded contact regions. 
Unlike the models in Chapter 3 for the tensile loading, contact is required for the 
delamination buckling models to allow the sublaminates to interact. Contact is applied 
between all delamination surfaces of the models, as shown in Figure 5.5a which is taken 
from an FE model, figure 5.5b is a conceptual impression of these contact sufaces 
between delaminations exploded in the through thickness direction. These were 
prescribed master and slave surfaces between each pair of contacting surfaces and the 
Augmented Lagrange contact algorithm was used to model the contact. A few iterations 
were required to determine the correct contact parameters to achieve convergence. 
Where fibre fracture cracks are included in the model, contact is also required between 
the adjacent crack faces and this was applied in the same way. 
The boundary conditions applied to the models are designed to simulate ideal 
compression after impact (CAI) conditions with an anti-buckling guide to prevent 
global buckling, Figure 5.6. The bottom edge of the ply is constrained in the loading (y-
direction) but free to move in the x-direction to allow for Poisson’s effects. The top 
edge has a compressive displacement applied which increases linearly from 0 to 1% 
strain, approximately equal to the compressive failure strain of the virgin laminate, 
Pinho et al. (2008). The front and back faces of the laminate are prevented from moving 
in the out of plane (z-direction) outside the delamination region to prevent global 
buckling, which is an idealisation of an anti-buckling guide. These boundary conditions 
were used so that the global buckling of the plate was prevented and only local buckling 
of the simulated impact damage region was allowed so that the influence of different 
parameters of the local buckling impact damage region could be investigated. 
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Figure 5.6 Boundary conditions for compressive models representing idealised CAI testing 
geometry 
When using an implicit solver without initiating the buckling by causing a numerical 
instability in the delaminated region, the model would simply compress and no buckling 
would occur. The standard method used in FE models is to inject this instability to the 
region of interest is to perform a buckling analysis for the structure and obtain the 
buckling mode shapes for the first two modes. These two mode shapes are then 
combined and this combined mode shape is applied to the region of interest as a 
perturbation which is typically a few percent of the thickness of the plate in amplitude, 
ABAQUS Inc. (2008a) before the compressive loading is applied. This method is not 
suitable in this instance, as the buckling analysis in ABAQUS does not take contact into 
account. As a result the delamination modes it produced were physically inadmissible as 
the parts intersected each other. 
Instead an approach used by Suemasu et al. (2007) and Suemasu et al. (2008) was 
implemented which applies a localised force to the sublaminate to obtain the initial 
imperfection and trigger buckling, the work by Suemasu et al. (2007) shows that the 
location and distribution of the force has an effect on the buckling behaviour and load. 
The method was therefore improved to eliminate this problem by applying a distributed 
pressure force over the delaminated region. Initial studies were conducted to determine 
if there was any dependence of the buckling mode or load on the magnitude of the 
applied pressure, but none was found, Figure 5.7. 
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Figure 5.7 Influence of applied perturbation pressure on buckling mode and amplitude 
5.3 Thin Film Delamination Models 
Thin film delamination was the first delamination buckling problem to be modelled 
either analytically or using finite element (FE) methods. This work was initially 
conducted in the 1980’s by Chai et al. (1981), Shivakumar and Whitcomb (1985) and 
Chai and Babcock (1985) and later by Chai (1990) and Davidson (1991). They looked 
at simple circular or elliptical delaminations, with a thin film assumption, Figure 5.8, 
where the sublaminate thickness is considered to be much smaller than the thickness of 
the base laminate and only the sublaminate buckles under compressive loading. 
 
Figure 5.8 Thin film delamination buckling problem 
Thin film delamination was considered initially because it is the simplest form of 
delamination buckling that can be considered, and was thought to represent impact 
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damage in thin laminates because the distribution of damage through the thickness is 
conical, Davies and Olsson (2004). Thus, the largest delamination occurs on the back 
face, which is considered the most critical delamination for predicting delamination 
growth and failure, Abrate (1991). 
Current modelling of impact damage normally focuses on one or more delaminations 
allowing for local or local/global buckling which will be considered in later sections. Li 
et al. (1999) did extend the work of Shivakumar and Whitcomb (1985) adding more 
terms to the Rayleigh-Ritz (R-R) solution and modelling the problem on an elastic 
foundation to improve the accuracy of the solution. Thin film delamination models are 
still used to model problems other than impact damage in composites e.g. the 
delamination of paint or of a protective film from a surface. 
The thin film delamination models presented in this section are used for two purposes, 
firstly to develop the modelling techniques to model realistic delamination shapes and 
their subsequent buckling and secondly to validate these models against existing 
analytical closed form solutions to ensure the FE models are behaving as expected and 
correctly modelling the buckling. 
5.3.1 Parametric Studies 
As previously mentioned, the models have circular and elliptical delaminations, Figure 
5.4a in 3 different sizes, 10 mm, 20 mm and 30 mm as the major axis dimension. The 
ellipses have a ratio of 2:1 major axis to minor axis. Four fibre orientations are also used 
for the sublaminates, these are 0º, +45º, -45º and 90º and in the case of the ellipse the 
major axis is orientated along the fibre direction of the lower ply, Hull and Shi (1993). 
The boundary conditions and loading regimes are described in Section 5.2. The 
presence of line cracks was modelled for the circular case only. 
The main trends from these results will be presented here with representative plots used 
to illustrate the findings. The effect of increasing delamination size, as expected, just 
increased the applied compressive strain at which the buckling commenced. The 
buckling behaviour was identical apart from the onset strain and total amplitude. Figure 
5.9, shows this for the circular case with lay up of (0º//+45º/-45º/90º) which is the 
default lay up unless otherwise specified, but the behaviour was the same for the 
elliptical and peanut cases as well. 
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The compressive strain plotted in Figures 5.9-5.11 is the far field strain applied to the 
entire plate, and the deflection (U3) is the maximum deflection recorded for the top 
delaminated ply at each interval.  
When the fibre orientation in the top ply containing the delaminated region is changed 
between 0º, 45º and 90º the effect is more significant, particularly for the circular and 
elliptical delamination shapes, Figure 5.10. The effect of the fibre orientation is to 
change the buckling shape. The 0º and 90º cases buckle in mode one initially and then 
change to mode two with increasing strain, but the 45º case appears to start and buckle 
initially with a higher order mode shape, Figure 5.10.  
 
Figure 5.9 Applied strain vs. deflection for different sized circular delaminations 
 
Figure 5.10 Applied compressive strain vs. deflection for elliptical delamination with different fibre 
orientations; Craven et al. (2009a) 
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The effect of the fibre fracture cracks on the delamination was to change the shape of 
the delamination and to slightly reduce the amplitude, from a smooth dome shape to a 
convex peak, Figure 5.11. 
 
Figure 5.11 Cracked and uncracked circular delaminations 
5.3.2 Analytical Buckling Models 
In order to validate the thin film FE models and check that the modelling techniques 
employed produce accurate solutions, the buckling strains observed in the FE models 
were compared with predicted values calculated using analytical models available in the 
literature. These models are a simple Euler buckling solution that has been modified to 
allow for the bending/stiffness coupling caused by inhomogeneous sublaminates, Yin 
(1988), Equation 5.1. 
 






















Where QF and QM are the flexure and membrane stiffnesses respectively. These terms 
are calculated from laminate theory and the term QF/QM represents the bending-flexure 
mismatch caused by the sublaminate being orthotropic. The sublaminate thickness is 
represented by h, εB and σB are the buckling strain and stress respectively, A11 and D11 
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are terms from the ABD matrix, E11 is the Young’s modulus of the sublaminate in the 
loading direction and b is half-length of the sublaminates delaminated region. 
The second analytical model used is a one term Rayleigh-Ritz solution, Equation 5.2 
taken in the re-derived form Shivakumar (2007) and originally published in Shivakumar 
and Whitcomb (1985). 
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where εB is the buckling strain, A11, A12, A22, D11, D12, D22 and D66 are terms from the 
ABD matrix, νlam is the Poisson’s ratio of the base laminate assumed to be QI and a and 
b are the dimensions of half the elliptical axis, along and perpendicular to the fibre 
direction, as shown in Figure 5.12. 
 
Figure 5.12 Orientation of elliptical delamination for 0º, 45º and 90º sublaminates 
The analytical models were used to calculate predicted values of buckling strain for 
circular and elliptical sublaminates with aspect ration a/b = 2 and length in loading 
direction of 10 mm, 20 mm, and 30 mm direction for 0º fibre alignment and 30 mm 
delaminations with 0º, ±45º and 90º fibre alignments. With the exception of the ±45º 
elliptical delaminations because the one term R-R equation cannot be used for these 
particular cases. 
The geometric terms for the equations a, b and h were taken from the size used in the 
FE models, while the Aij, Dij, vlam and E11 terms were calculated for each different 
sublaminate using LAP 4.0, a laminate analysis program based on laminate theory. 
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Figure 5.13 Buckling Strain comparison for analytical and FE models for different delamination 
sizes 
Figure 5.13 shows the results for the comparison between analytical and FE results for 
the different sized circular and elliptical delaminations. As expected the buckling strain 
decreases significantly with increasing delamination size.  
Figure 5.14 shows the results for different sublaminate fibre orientations 
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Figure 5.14 Buckling Strain comparison for analytical and FE models for different sublaminate 
fibre orientations 
Both sets of results show the Euler model consistently underpredicts the buckling load 
in almost all cases apart from the ±45º ellipses where the assumed buckling length is 
shorter causing an over prediction. The R-R solution is known to slightly overpredict 
the buckling strain as the use of assumed modes the laminate is slightly too stiff. This is 
particularly obvious for the elliptical results presented here where the mode assumed by 
the one term solution is clearly too stiff. This suggests that the FE solutions are 
modelling the behaviour correctly because Olsson (1998) used the one term R-R 
solution from Shivakumar and Whitcomb (1985) and obtained an overprediction of the 
buckling strain of 22% compared with FE models. 
5.4 Multiple Delamination Models 
Impact damage cannot be successfully modelled with a single delamination or even 
multiple circular delaminations, if it is to replicate the buckling behaviour of an impact 
damage zone. The present models are based on peanut and twin elliptical delaminations 
Figure 5.4b as used in Chapter 3 for idealising the delaminations when loaded in 
tension. Thus, these models expand on the idea of Suemasu et al. (2007) who used fan 
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shaped delaminations, Figure 5.15a, which represent the delamination patterns observed 
by ultrasonic imaging, Figure 5.15b, and are similar to the double helix delaminations 
used by Guédra-Degoeorges (2006). 
 
Figure 5.15 a) Fan shaped delamination buckling model; Suemasu et al. (2007) b) Ultra-sonic scan 
of impact damage showing the delamination shapes; Aoki et al. (2009) 
The idea being that more realistic delamination shapes should mimic the behaviour of 
the impact damage more closely. The current models have seven delaminations per 
model, which is a delamination at every ply interface in the model. There are studies 
that state that delaminations do not form between plies of the same orientation, Liu 
(1988), while some that say they do, Hosur et al. (1998). A test case was run with and 
without a mid-plane delamination and showed no significant difference in results, so for 
ease of modelling the delaminations have been included at every interface. 
These models have been used to conduct parametric studies on the change in buckling 
behaviour and residual stiffness of the damage region due to changes in different 
parameters of the damage, the delamination shape (peanut or twin ellipse), the 
delamination size, lay-up, the presence of fibre fracture cracks and the distribution of 
delaminations through the thickness of the laminate. An initial study was also conducted 
using multiple circular delaminations in a homogenised isotropic plate, this was to 
verify that the modelling techniques developed using the thin film models discussed in 
Section 5.3 were valid for multiple delamination cases. 
The multiple delamination models are modelled at 3 different delamination sizes 
10 mm, 20 mm and 30 mm for the (0º//+45º//-45º//90º/)s and at 30 mm size for the other 
two layups (+45º//90º//0º//-45º/)s and (90º//0º//+45º//-45º/)s respectively, where // 
signifies a delamination. The 30 mm (0º//+45º//-45º//90º/)s is considered to be the 
default lay-up and it is this lay-up that is used to compare the effects of delamination 
shape, presence of fibre fracture cracks and distribution of delaminations through the 
thickness. These models are much more computationally intensive than the thin film 
models and take 24-30 hours to solve on 4 CPUs with 16GB RAM on a HPC. 
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In order to compare the effect and severity of different delamination patterns and lay-up 
sequences, the inverse method described in Chapter 3 is used, Sztefek and Olsson 
(2009). The only difference between this method and the method used in Chapter 3 is 
the region over which the displacement fields are matched. In the tensile case the 
displacements can be taken directly from the damage region, allowing the stiffness of 
the region to be discretised. In compression the out of plane deformation of the impact 
damaged region due to buckling masks the membrane strains of interest. So the inverse 
method takes the displacement field from the front and back plies of the model outside 
the delamination zone at different applied strains and uses the information to determine 
membrane (in-plane) displacements. The membrane displacements are then matched to 
the strain field on a simple shell FE model where the damaged region is replaced by a 
homogenous soft inclusion. The material properties of the isotropic soft inclusion, 
namely Young’s modulus E and Poisson’s ratio ν, are changed using an iterative 
process called the steepest descent gradient method in order to match the displacements 
from the detailed FE model and the soft inclusion model. This then gives the reduction 
in E and ν from which the stiffness reduction is calculated. The average stress and strain 
in the soft inclusion with converged values E and ν are finally used to generate a 
nonlinear stress-strain curve, this process is demonstrated in Figure 5.16. 
 
Figure 5.16 Post processing scheme for detailed damage models to extract apparent local average 
stress and strain 
The process takes the E and ν values for the isotropic equivalent of the damage region 
extracted from the inverse method and applies these properties to an isotropic soft 
inclusion under the same applied displacement and boundary conditions as the detailed 
damage models. The stress and strain for this soft inclusion are then extracted and 
averaged. These are the stress and strain that are plotted in Figures 5.18 – 5.21, where 
each dot on the line represents an applied strain and the curve follows the apparent 
behaviour for the damage region.  
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5.4.1 Homogenised Circular Models 
As previously mentioned the motivation for producing these models was to verify that 
the modelling techniques developed using the thin film models can be applied to models 
with multiple delaminations. To simplify these models compared with the idealised 
detailed impact damage models, circular delaminations were used rather than the peanut 
or twin ellipse delaminations and the material properties used were isotropic 
representing homogenised laminate properties, to further simply the model. These 
models worked successfully and the results were as initially expected, the sublaminates 
buckled symmetrically at first and became asymmetric with increasing applied strain as 
the buckling mode changed, Figure 5.17. 
 
Figure 5.17 Out-of-plane deformation for buckling of homogenised isotropic plate with eight 
circular delaminations 
5.4.2 Delamination Shape and Size 
As mentioned previously the size and shape of the delaminations were considered. Two 
different delamination shapes i.e. the peanut and twin ellipse, and three different sizes of 
peanut delaminations were considered, where all models had the laminate lay-up 
(0º//+45º//-45º//90º/)s. The results of these models have been plotted as stress strain 
curves for increasing applied strain so that the stiffness reduction caused by the 
sublaminate buckling and local buckling of the delamination region can be clearly seen. 
Figure 5.18 shows the effect of the different delamination shapes on the residual 
stiffness of the laminate. The cross sectional views shown in the figure and subsequent 
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figures are taken horizontally down the middle of the damage region showing the global 
buckling mode of the region and the local buckling of individual sublaminates which for 
the top and bottom plies (where the delamination shape is aligned along the cutting 
plane) it can be observed there is often a different local buckling mode for these plies. 
 
Figure 5.18 Local average stress vs. local average strain over impact damage region with different 
delamination shapes 
It can be clearly seen that the peanut model offers a more significant stiffness reduction 
and that the onset of this stiffness reduction occurs earlier when compared to the twin 
ellipse model. This is because the twin ellipse has an un-delaminated central core which 
ties the region together and constrains the buckling of the sublaminates. It also halves 
the lengths of the individual sublaminates when compared with the peanut model, so the 
buckling strain for the individual sublaminates will be higher. Both these models are 
considered valid and the model that best represents the damage seen in fractography 
should be used to represent a particular impact damage region. 
Reducing the size of the delamination region has the obvious effect of increasing the 
buckling strain as would be expected, this can be seen in Figure 5.19. The buckling 
evolution appears to be the same in all sizes of delamination initially the outer 
sublaminates buckle, followed by the internal sublaminates and then subsequently the 
whole region starts to buckle locally. 
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Figure 5.19 Local average stress vs. local average strain over impact damage region with different 
delamination sizes 
5.4.3 Laminate Lay-up 
Conventional wisdom when implementing a laminate stacking sequence to resist 
buckling under compressive loading is to keep the 0º plies away from  the neutral axis 
of the laminate, Jones (1999). When designing laminates to withstand buckling after 
impact Abrate (1991) suggest ±45º plies onto the surface This is due to the 0º load 
bearing plies being separated from the laminate by the delamination and being able to 
buckle more readily than if they were internal to the laminate, Baker et al. (1985). This 
was supported by the results for the different lay-ups (0º//+45º//-45º//90º/)s, 
(+45º//90º//0º//-45º/)s and (90º//0º//+45º//-45º/)s modelled with the 30 mm peanut impact 
damage included in them, Figure 5.20, which clearly shows the laminate with 0º outer 
plies has a lower residual stiffness. 
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Figure 5.20 Local average stress vs. local average strain over impact damage region with different 
laminate lay-ups 
5.4.4 Fibre Fracture Cracks 
As seen in Chapter 3, fibre fracture cracks have a very large influence on the residual 
stiffness of the laminate in tension. Delamination has been shown to produce significant 
stiffness reduction alone in compression the fibre fracture cracks were added to the 
peanut delaminations to see the contribution of the fibre fracture cracks to further 
stiffness reduction. Two crack distributions were used the star crack to idealise a worst 
case and a random crack pattern. The results of these models can be seen in Figure 5.21. 
 
Figure 5.21 Local average stress vs. local average strain over impact damage region with and 
without fibre fracture cracks 
The results from the above figure clearly show that fibre fracture cracks still have some 
effect on the stiffness reduction in compression but that delaminations dominate, unlike 
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in tension. The star shape fibre fracture crack distribution is also the worse case when 
compared with random cracks. However, the main observation of interest about the 
fibre fracture cracks is the change in mode of the local buckling they induce, Figure 
5.22. It can be clearly seen that the influence of fibre fracture cracks changes the 
buckling behaviour, although interestingly the star crack and random cracks have very 
different effects. The star crack pattern opens, then delaminations across the middle 
region increase in amplitude and change the buckling mode compared with the 
undamaged models. The random cracks have the opposite effect as they suppress the 
opening of the sublaminates and cause the whole region to buckle more as a single 
laminate, and the buckling mode and amplitude are much closer to the uncracked. This 
suggests that as a worst case the star cracks are fine but if the buckling mode is of 
particular interest the random crack pattern needs to be used. 
 
Figure 5.22 Through thickness behaviour of damage region with and without fibre fracture cracks 
5.4.5 Through Thickness Distribution 
All the previous parametric studies in this chapter have been focused on in-plane 
geometry of the impact damage. This study is a look on the effect of the distribution of 
delamination through the thickness. In the previous studies, the delaminations have been 
of a constant size through the thickness, or a cylindrical distribution, Figure 5.23. 
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Figure 5.23 Delamination distributions through the laminate thickness 
The other distributions looked at are conical and double cone shaped, which equate to 
the distribution of delaminations seen in thin or high span-to-thickness ratio laminates 
and thick or low span-to-thickness ratio laminates, Sjögren (1999). 
The results of these can be seen for conical shape compared with the cylindrical shape 
in Figure 5.24 which uses the thin 1 mm laminates used for the models in this section. 
The double cone model is compared with the cylindrical distribution for the thick 4 mm 
laminates used in Section 5.5, Figure 5.25. 
 
Figure 5.24 Local average stress vs. local average strain over impact damage region with cylindrical 
and conical through thickness distributions for thin laminates 
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Figure 5.25 Local average stress vs. local average strain over impact damage region with 
rectangular and double rhombus through thickness distributions for thick laminates 
It can be seen from these results that there is significantly less stiffness reduction for the 
conical and double cone through thickness distribution of delamination. This is to be 
expected, because in the cylindrical distribution all the sublaminates are of the same size 
and have the same effective buckling length, and will buckle simultaneously. For the 
conical and double cone the delaminations decrease in size and so the effective buckling 
length decreases and the buckling strain increases, so the sublaminates will buckle 
sequentially and offer more residual stiffness. However, this proves that the cylindrical 
model is an idealised worst case, computationally much more efficient than the other 
two patterns and will produce a conservative result faster. 
5.4.6 Analytical Comparison Models 
While analytical models exist for the thin film models and can be easily applied they 
cannot cope with multiple delaminations, consequently it was decided to see if these 
models could be implemented to calculate the delamination buckling stresses of the 
individual laminates within a larger analytical framework to predict the buckling 
stresses of multiple delamination models. This section will discuss the development 
concept for the model and compare the predicted values with the FE models for 
multiple delaminations. This model was initially developed for beams using Euler 
buckling but was found to give very poor results so the model was extended to work 
with the R-R plate buckling model of Shivakumar and Whitcomb (1985). 
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The model allows for different number and thickness of delaminations, as well as 
different lengths of the delaminations and cylindrical or conical distributions, Figure 
5.26. 
 
Figure 5.26 Stacked plate delamination model 
The parameters in this analytical model are the thickness of the ply t, the total laminate 
thickness T, and the number of plies n, where n = T/t. Furthermore 2b is initial 
delamination width equating to 2a, the size of the delaminated region in terms of a and 
b, where a = b produces a circle, θ which is the angle of distribution through the 
thickness with 0º for cylindrical distribution and N the load applied. 
There are several assumptions and simplifications made in this project before buckling 
the load is evenly applied across all of the plates without inducing eccentric loading 
effects the plates are clamped in such a way that the buckling lengths are those required. 
Postbuckling stiffness and contact between plates are ignored as is any strain hardening 
or plastic deformation of the plates. The process used to calculate the buckling of the 
plate stack was implemented in a Matlab script. 
The values for n, T, b and θ are chosen for a given model, the lengths of the individual 
sublaminates a are then, calculated using Equation 5.3, where t is T/n. 





⎛ −×+= ttnba in  (5.3) 
The buckling load for each ply is then calculated using the one term RR buckling 
Equation 5.2, and the buckling stress of each ply is calculated. The load applied to the 
entire stack can be calculated based on the individual buckling loads NBn as shown in 
Equation 5.4. 














From the buckling loads calculated, the cross sectional area and the Young’s modulus 
of the laminate the stress and strain can be plotted and compared with the FE results. 
This model can only predict the onset of buckling/stiffness reduction as it has no ability 
to predict the post buckling. 
The results from this model for a cylindrical delamination distribution are shown in 
Figure 5.27 and for cylindrical and conical delamination distributions in Figure 5.28 . 
They show a good correlation between the analytical model and the FE model for the 
buckling strain, onset of stiffness reduction, delamination size and the cylindrical 
through the thickness distribution. The 10 mm result appears to overpredict the 10 mm 
FE result but the FE model shows no significant local buckling up to 1% applied strain, 
only sublaminate buckling. This suggests that the analytical model gives fairly good 
predictions of buckling onset, but for the 10 mm case it would have failed by another 
mechanism such as delamination growth at a lower strain.  
 
Figure 5.27 Stacked plate analytical buckling model compared with FE results for different 
delamination sizes 
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Figure 5.28 Stacked plate analytical buckling model compared with FE results for different 
through thickness delamination shapes 
5.5 Experimental Validation Models 
This section focuses on the experimental replica models that have been built using the 
idealised detailed impact damage model developed for compression. The purpose of this 
is to validate that the idealised detail impact model reproduces quantative as well as 
qualitative results for a real impact damage region. The impact damage chosen to be 
simulated was a 14 J impact on a 4 mm 32 ply balanced isotropic laminate, based on the 
research published by Sztefek and Olsson (2009).  
5.5.1 Modelling Technique 
The model was constructed in the same way as the models in the previous sections with 
the peanut delaminations and with and without star fibre fracture cracks, the same 
contact algorithms and assembly techniques were also used. The material properties for 
the carbon epoxy AS4/8552 and the balanced QI laminate lay up (0/ ± 
45/90)2s/(90/±45/0)2s were taken from, Sztefek and Olsson (2009). 
The only difference in these models compared with the FE models used for the 
parametric studies apart from the number of laminates is the boundary conditions. In the 
same way that the experimental replica boundary conditions for the tensile laminate 
were taken from DIC displacement fields of the experimental specimen, the same has 
been done for the compressive specimens. There is one significant difference, in tension 
no out of plane movement of the experimental specimen occurred, for compression even 
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with an anti-buckling guide, some limited global bending of the specimens still 
occurred, consequently this had to be included in these experimental validation models 
too. In order to do this, the out of plane DIC data was used to apply out of plane 
boundary conditions to the mid-plane outside the impact damage region of interest. The 
boundary conditions and deformed mid-plane shape can be seen in Figure 5.29. 
 
Figure 5.29 Boundary conditions for experimental validation models; Sztefek (2009) 
The models are 32 plies each tied together with around 750 C3D20 elements per ply, 
Figure 5.30 and 31 delaminations between the plies each with contact surfaces.  
 
Figure 5.30 FE mesh for replica models 
The fact that there is four times as many elements and in particular four times as many 
contact surfaces compared with the idealised models means these models are extremely 
computationally expensive requiring up to 400 hours on 16 CPUs with 66GB of RAM 
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on SGI Altix HPC to solve for the models with star cracks. It was hoped to run models 
with the replica crack patterns as was done for the tensile case, however these exceeded 
the available computing facilities. As a result models of peanut delamination only and 
peanut and star cracks were simulated, along with peanut delaminations with double 
rhombus through thickness distribution for the work on through thickness distributions. 
5.5.2 Results 
The results for the through the thickness delaminations double cone distribution are 
shown in the previous section 5.4.5 Through Thickness Distribution, as they are 
relevant to that section. The results that are shown here are for the replica impact 
damage region model using peanut delaminations only, compared with the experimental 
results taken from Sztefek and Olsson (2009) for the 4 mm, 32 ply specimen with the 
14J impact, Figure 5.31. 
 
Figure 5.31 Comparison of replica impact damage FE model with delaminations only and 
experimental results 
The results clearly show that the FE replica model produces a conservative prediction of 
the stiffness reduction even without the presence of fibre fracture cracks. This is due to 
the fact that the delamination distribution for the replica model is cylindrical where as in 
the experiment the distribution is more conical nature but due to the C-scan images of 
the damage region available, there was insufficient information to plot this distribution 
sufficiently to replicate it with the peanut delaminations. Secondly as Figure 5.21 shows 
the contribution to the stiffness reductions caused by fibre fracture cracks is minimal in 
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addition to delaminations, so it is reasonable to expect that a model of delaminations 
alone can achieve a conservative stiffness reduction compared with experimental 
results. These results therefore validate this approach of detailed damage modelling 
using idealised damage features, for modelling impact damage under compressive 
loading up to the onset of significant delamination growth. 
5.6 Conclusions 
In conclusion this chapter looks at the development of an idealised detailed impact 
damage model in compression. The initial work was on thin film models with a single 
delamination to develop modelling techniques. These were compared with analytical 
thin film buckling models and achieved reasonably good agreement. 
The next stage focused on the development of multiple delamination models using 
initially circular delaminations before moving on to twin ellipse and peanut 
delaminations and looking at the effect of delamination size, shape, laminate lay-up, 
fibre fracture cracks and through-thickness-distributions of delamination. 
The effect of lay-up and delamination size agreed with expectations i.e. higher buckling 
strains for smaller delamination sizes, and increased residual stiffness for laminates with 
the zero degree plies placed closer to the centre of the laminate. 
The effect of different delamination shapes for the twin ellipse and peanut was more 
interesting. The twin ellipse model suffered much lower stiffness reduction compared 
with the peanut delamination. This was due to the un-delaminated central core in the 
twin ellipse model that halves the effective sublaminate length and thus increases the 
buckling strain for the sublaminates. Furthermore the central core prevents the 
sublaminates from buckling as much, retaining some structural integrity in the damage 
region. 
For the fibre fracture cracks, unlike in tension their effect on stiffness reduction is not 
very significant but they do have a significant effect on the buckling shape and change it 
significantly for the star crack distribution. 
The effect of through thickness delaminations with conical and double cone through 
thickness distributions of delaminations is to increase the residual stiffness of the 
laminate compared with the cylindrical distribution, as expected because the 




The analytical models based on stacked plates using the Shivakumar and Whitcomb 
(1985) one term R-R model shows good correlation for the buckling strain with the 
circular cases compared to FE models but the one term mode shape has very poor 
correlation for the elliptical delamination shapes and consistently underpredicts the 
buckling stress for both circular and elliptical delaminations. 
The experimental validation model compared with the 14J impacted 4 mm 32 ply 
coupon from Sztefek and Olsson (2009). Showed that with peanut delaminations only a 
conservative prediction of the damage is achieved validating the approach for the 
detailed modelling of impact damage using idealised damage features such as the peanut 
shaped delaminations. 
 




Chapter 6  
Modelling of Impact Damage 
This chapter identifies the key parameters affecting the residual strength of an impact 
damaged region when loaded in tension and compression, based upon detailed models 
and parametric studies of idealised impact damage regions, modelled using ABAQUS 
FE software taken from Chapters 3 and 5. 
In the second section of the chapter a methodology for including previously identified 
parameters in detailed models is developed. The methodology also suggests a use for 
the analytical stacked laminate buckling model, Section 5.4.6, based on the work of 
Shivakumar and Whitcomb (1985), which can be used to estimate the strain required for 
local buckling onset. The purpose of this methodology is to define a method by which 
impact damage can be modelled using Finite Element techniques in a way that requires 
minimal information about the damage either taken from previous experiments or from 
non-destructive inspection of structures, in a way which allows different damages to be 
compared, and is developed from the findings of the parametric studies in Chapters 3 
and 5.  
The third section looks at developing a homogenised non-linear (HNL) soft inclusion to 
model impact damage in a simple and representative way in larger structures, for use as 
a design tool. This work used the data taken from the detailed damage models and 
develops a way to implement the non-linear material and geometric behaviour taken 
from the stress strain curves created, into a VUMAT (Vectorised User Material) within 
ABAQUS. This was achieved by first defining the concept of this VUMAT and the 
behaviour it wanted to capture. The subsequent development involved deciding what 
the input and output parameters should be and understanding the computational process 
that occurs within the code as a flow chart as well as the mechanical equations required 
for each step within the flow chart. The VUMAT was finally validated at element level 
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and against coupon samples before being compared with experimental results. Finally 
this chapter suggests specific methods for implementation of the soft inclusion into 
larger structures. 
6.1 Key Parameters 
This section identifies the key damage mechanisms and parameters of impact damage 
that have been identified by the detailed damaged models developed of idealised impact 
damage, and discusses why these parameters are important contributors to the stiffness 
reduction. 
6.1.1 Tension 
In tension as identified in Chapter 3. The main damage mechanisms or parameters in 
tension are not only fibre fracture cracks as expected, but also delaminations, which was 
surprising. Cracks in all plies, ±45º as well as 0º plies are important in contributing to 
the stiffness reduction in tension for QI lay-ups, not just the 0º plies as suggested by 
Cairns and Lagace (1990) and that fewer longer fibre fracture cracks cause a more 
severe stiffness reduction than many shorter ones. The shape and size of delaminations 
were also found to be important. Representing the delaminations as circular with 
diameter equal to the extent of the impact damage is incorrect because the stiffness 
reduction was distributed evenly over the whole delaminated region, which was 
inconsistent with experimental findings, where a definite concentration of stiffness 
reduction was observed experimentally at the centre of the damage region. The 
delamination shapes that represented the experimentally observed delaminations more 
closely, peanut, split peanut and twin ellipse, showed very similar results, suggesting 
exact delamination shape is not important as long as it is representative of real impact 
damage, and that circular delaminations were too simplistic. 
6.1.2 Compression 
In compression, several different damage mechanisms and parameters were considered 
at two different modelling scales. Micro-scale models, Chapter 4, were used to 
determine the behaviour of fibres fractured by the impact and subsequently loaded in 
compression and determined, contrary to expectations, the fibres did not intersect like 
opposing bristles, rather, the fractured fibre and surrounding matrix acted as free edges. 
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This information was used when modelling fibre fracture cracks at the macro-scale. 
These models are similar to the detailed damage models in tension, representing 
idealised impact damage loaded in compression. 
Laminate lay-up and stacking sequence were investigated and as expected placing the 0º 
plies closer to the mid-plane, resulted in a higher buckling strain for the impact 
damaged region. Similarly the relationship between the size of the impact damaged 
region and stiffness reduction is as expected. The smaller the delamination size, the less 
the stiffness reduction and the higher the applied strain at which the onset of stiffness 
reduction caused by local buckling occurs. Unlike the tensile case, the actual shape of 
the delamination had considerable effect on the residual stiffness and even the buckling 
behaviour of the impact damaged region. The twin elliptical delaminations buckled at a 
higher applied strain and suffered less stiffness reduction than the peanut delaminations 
for the same size and lay-up of damage region. This is because of the un-delaminated 
central core found in the twin ellipse model, increases the buckling load of the 
sublaminates, the effective buckling length of the two separate ellipses is less than half 
that of the peanut. Similarly this central core keeps the damage region tied together in 
the middle so the damage region buckles as a whole rather than as a set of separate plies 
which is the trend for the peanut delaminations. Both models are valid depending on the 
fractographic observations from impact damage region as to whether delaminations are 
observed with or without a central core region. 
The effect of fibre fracture cracks was proved to be far less significant than in tension. 
In tension, they contributed a substantial stiffness reduction providing the delaminations 
were present to distribute the strain concentration. In compression the delaminations 
contribute the majority of the stiffness reduction with the fibre fracture cracks only 
contributing an extra few percent stiffness reduction. The fibre fracture cracks do 
however, suppress the local buckling of individual sublaminates so the damage region 
appears to behave as a single laminate rather than stacked sublaminates. 
The influence of the through thickness distribution of the delaminations was significant 
on reducing the stiffness reduction and the more realistic distributions conical and 
double cone exhibited greater residual stiffness, this is because unlike the cylindrical 
delamination where the sublaminates are equally sized so will buckle simultaneously, 
the delaminations decrease in size, and the buckling strain for each delamination will be 
proportionately higher, so the delaminations buckle sequentially. 
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Matrix cracking was simulated in selected compressive models in the same way as the 
tensile models. This was done by degrading the transverse properties of each ply by 
nominal amounts, 30% and 60%. The effect of these simulated matrix cracks even at 
60% reduction of transverse properties was found to be negligible so was pursued no 
further. 
6.1.3 Analytical Compression Models 
While the residual stiffness in tension can be easily predicted in tension, by using the 
cross section area of the laminate either side of the damage region perpendicular to the 
load and essentially equating the damage to a hole, this is not as simple in compression. 
For this reason, a model was developed based on the R-R one term buckling solution of 
Shivakumar and Whitcomb (1985). This was adapted to work for stacked laminates 
with multiple sublaminates and showed good correlation with the onset of buckling and 
stiffness reduction compared to the FE models. For different delamination sizes and 
conical and cylindrical through thickness damage distributions, when comparing the 
local average strain in the damage region, the analytical model consistently 
underpredicted the local average buckling stress in the impact damaged region and was 
unable to predict values of stiffness after the onset of buckling as the model only 
calculated the buckling loads. This is a quick and simple method implemented in a 
Matlab program that could be used to determine if the compressive strain applied to the 
impact damage region is sufficient to cause local buckling of the damage region, thus 
warranting further work producing a detailed model of the damage. 
6.2 Methodology for Detailed Modelling of Impact 
Damage 
This section will draw conclusions from the previous section highlighting the important 
features to be included in detailed damage models and features that can be neglected. 
The second part of this section describes how the information gained from these 
detailed models can be implemented in a form which can be used to mimic the 
behaviour of these detailed idealised models of impact damage, simply and efficiently 
in a larger structural FE model. 
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6.2.1 Detailed Impact Damage Models 
Delaminations for instance in tension and compression can be represented by peanut or 
twin elliptical delamination shapes. Approximating delaminations to a circle or ellipse 
with the size of the damage region does not capture the behaviour of the damage region, 
because this does not retain the coupling between the sublaminates that exists in the real 
impact damage. Although in compression even the idealised damage affects the stiffness 
reduction, the un-delaminated central core of the twin ellipse provides greater residual 
stiffness than the peanut shape. Thus the choice should be based on fractographic 
observations. 
Fibre fracture cracks have been idealised as a star crack pattern and this has been 
determined to be valid because it provides a worst case scenario compared with a 
random distribution of fibre fracture cracks representative of fractographic studies. In 
compression even though the stiffness reduction for the star crack pattern is slightly 
more severe than for the random fibre fracture crack distribution, the buckling 
behaviour of the region is very different. Therefore, if buckling behaviour of the region 
is important, then the random distribution of fibre fracture cracks should be used. 
Matrix cracks have been shown to have little influence in both tension and compression 
on the cases studied so could be neglected. Matrix splitting parallel to the fibre 
directions was not considered in this study but could be important. This could be 
modelled using the same techniques as the fibre fracture cracks. 
Stiffness reduction in tension was shown to be independent of laminate lay-up and for 
compression the conventional thinking of placing the 0º laminates towards the mid-
plane and the ±45º plies towards the surface increased the residual stiffness of the 
impact damage region. 
Through thickness distribution of delaminations is another aspect that cannot be 
approximated without reducing the accuracy of the model, while the cylindrical 
distribution is a conservative worst case, it does overpredict the stiffness reduction 
compared with the conical and double cone distributions. Consequently for an exact 
prediction of stiffness reduction, delamination through the thickness needs to be 
determined from fractography. 
Damage growth was not considered in this project as the focus was on determining the 
influence of different damage parameters relative to each other. However, it could easily 
be included in the detailed models. For delaminations, the regions between plies joined 
6.2 Methodology for Detailed Modelling of Impact Damage 
 150 
using the tie commands could be replaced with cohesive surfaces, which would enable 
delamination growth from the edges or from the delaminations caused by impact. To 
propagate fibre fracture cracks in the current version of ABAQUS, ABAQUS 6.9, 
extended FEM or XFEM could be used to allow the cracks to propagate. Alternatively 
in earlier versions, cohesive elements could be added along predefined crack paths 
propagating from the fibre fracture crack tips. 
Modelling considerations, the design and structure of the models has been carefully 
considered to allow the approach to be as modular as possible, allowing the same 
approach to be used to model a variety of different impact damages. The plies are all 
individual parts with the identical UD laminate material properties applied to each, the 
fibre orientation can then be applied separately. The fibre fracture cracks are introduced 
as very elongated elliptical cut outs and are applied perpendicular to the fibre 
orientation in the ply. The delaminations follow the orientation of the fibre direction in 
the ply below, but are extended through the thickness of the ply to ensure a constant 
mesh distribution through the thickness of the ply. To change the stacking sequence of 
the laminate, the fibre orientation for the ply should be reapplied, and the fibre fracture 
cracks and delamination features rotated as appropriate. The part should then be 
remeshed. No further construction or assembly is required. To join the plies together, a 
surface is defined including all regions of the ply surface outside the delaminated 
region. The plies can then be joined using the tie command and specifying predefined 
adjacent surfaces, and this relationship remains even if the stacking sequence is changed 
as mentioned previously. Similarly, by using the scaling tool applied to the damage 
features in each ply, the size or through thickness distribution of the damage can be 
changed without requiring anything more complex than remeshing the parts. 
These guidelines provide details for using detailed models for understanding the 
influence of damage mechanisms or parameters on stiffness reduction or to model in 
detail specific impact damages observed by fractography. In order to utilise the non-
linear behaviour captured by these models in large structural models a different 
approach is required. 
6.2.2 Replicating Impact Damage in Structures 
While the detailed impact damage models defined in the previous section capture the 
non-linear behaviour of impact damage under loading they consist of tens of thousands 
of elements and have considerable solution times. This makes them impractical for 
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implementation into larger structural models, particularly in the case of models of 
stringer stiffened panels that use single shell elements to represent the skin. 
Consequently, a methodology needs to be developed that can take the behaviour 
obtained from the detailed impact damage models and insert that data into a 
representative region of impact damage in large structural models. This tool could then 
be used as a design tool to assess the behaviour of structures with impact damage 
located at arbitrary positions on the structure, such as the stiffened panels with impact 
damage as tested in Abramovich et al. (2009) and Falzon (2009). This section will 
briefly deal with the methodology of the structure and Section 6.3 will detail the 
concept including, development validation and comparison with experimental results 
for this design tool. 
The methodology for this concept is to capture the non-linear material and post-
buckling behaviour observed and recorded in the detailed models of impact damage and 
embed this in a material model. This can be applied to a single element or a cluster of 
elements and will mimic the non-linear stress strain behaviour of these complex damage 
models caused by the buckling and post-buckling of the multiple sublaminates and the 
damage region, as well as the presence of fibre fracture cracks, without mimicking the 
complex buckling or contact interactions required in the detailed models. This can be 
inserted into ABAQUS using a user material or UMAT. (In ABAQUS terminology a 
user material for the implicit solver is called a UMAT and for the explicit solver a 
VUMAT or Vectorized User Material). Due to the added complexity of programming a 
UMAT, which requires the UMAT to update the Jacobian matrix at each increment, this 
design tool will be implemented as a VUMAT. This VUMAT can then be applied in the 
same manner as any material is assigned within in ABAQUS specifically to the 
elements in the damage region. This region would then form an inclusion in the larger 
structure mimicking the behaviour of impact damage in this location. Allowing the user 
to see the stress concentration caused by the impact damage region, the direction the 
damage is likely to propagate in, and the effect the damage would have on the buckling 
behaviour of the structure, particularly important for skin stringer structures. 
6.3 Homogenised Non-Linear Soft Inclusion 
This section considers in more detail the concept of using a soft inclusion to represent 
the impact damage and previous attempts at using soft inclusions to represent impact 
damage regions. For the VUMAT itself and its development and structure the code can 
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be found in Appendix B. The VUMAT is then validated at element level for different 
loading conditions, before applying the VUMAT to the HNL Soft Inclusion in coupon 
tests compared with detailed FE models. The influence of the shape of the soft inclusion 
is also investigated, this is important if the damage region is to be represented by one or 
two elements in very large structures as there are no circular elements in ABAQUS. 
Finally, the HNL soft inclusion results are compared with experimental results taken 
from experiments, conducted in tension and compression at a coupon level. 
6.3.1 Concept 
The concept of soft inclusions in composites dates from the 1940’s when Lekhnitskii 
studied the stress-strain fields around soft inclusions in anisotropic plywood plates, 
Lekhnitskii (1981). This work was repeated for delta wood by Cairns (1987) who 
postulated that the concept of soft inclusions with reduced mechanical properties 
compared with the surrounding laminate could be used to simulate impact damage. 
Cairns extended this work, Cairns and Lagace (1992), and suggested that the properties 
of the soft inclusion region could be calculated from failure parameters based on the 
surrounding stress field, as an extension of the Whitney and Nuismer equation, Whitney 
and Nuismer (1974) for predicting the stress concentrations caused by holes. This 
concept was tested experimentally by Olsson et al. (2003), who used epoxy resin with 
different volume fractions of glass bead fillers to represent soft inclusions of different 
stiffness. Under tensile load there was a tendency for the soft inclusion to pop out of the 
hole. 
The soft inclusion proposed in the current work is called a HNL soft inclusion or more 
accurately a homogenised non-linear soft inclusion, because of its ability to capture the 
non-linear material and non-linear post-buckling behaviour of the damage region within 
an isotropic homogenised inclusion. Furthermore the stiffness of the soft inclusion can 
change with applied strain, as occurs for impact damage, rather than having a constant 
stiffness or a degradation of stiffness based on external stress state, as suggested by 
previous work. 
6.3.2 VUMAT Input and Output 
The inputs required for the code are Young’s Modulus E, Poisson’s ratio v, and Shear 
Modulus G. These should be the homogenised values for the surrounding quasi-
isotropic laminate that the soft inclusion is embedded in. Being an explicit 
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implementation of the soft inclusion, the density is required, if using the consistent set 
of units, mm, N and tonnes are used the density ρ should be around 1.6x10-
9 tonnes/mm3. However this will result in a very small time step and subsequently a 
large number of increments. Due to the fact that running VUMATs in double precision 
in ABAQUS 6.8 is very difficult, the large number of increments can cause rounding 
errors which will cause significant errors in the solution. Consequently, it is advisable to 
increase the density by several orders of magnitude. This was tested and shown not to 
affect the results, but will increase the time step, thus reducing the required number of 
iterations and prevent errors caused by rounding. The only other input variable required 
is *DEPVAR, which is the number of solution dependent variables required by the 
code for input or output, which ever is greater. For this VUMAT, the number is six 
because there are three inputs and six outputs. An extract from an input file which uses 






      6, 
*User Material, constants=3 
 62433.6, 0.30696, 23885.1 
 
The outputs of the VUMAT are the standard ABAQUS/Explicit variables requested by 
the user such as stress S, and logarithmic strain LE and the State Dependant Variables 
SDV outputs that are specific to the VUMAT these are given in Table 6.1. 









The VUMAT can be accessed by the normal means of implementing a VUMAT 
material in ABAQUS/CAE or from the keywords in the input file and the command 
line. The file needed is imp_dam_behav.for or imp_dam_behav.obj for Windows 
systems and imp_dam_behav.f or imp_dam_behav.o for Linux based systems, where 
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the .for or .f files are the uncompiled FORTRAN code and the .obj or .o files are the 
compiled versions compiled using the abaqus make command run from the command 
line. 
6.3.3 VUMAT Structure 
The imp_dam_behav VUMAT has been written in the standard VUMAT structure 
provided by ABAQUS for the implementation of user materials. This VUMAT calls 
several subroutines from within the VUMAT that perform the required tasks to update 
the correct variables to pass back into ABAQUS and a full flowchart of this can be seen 
in Appendix B, Section 3. The subroutine of interest is imp_dam_behav. This is the 
subroutine that deals with the non-linear behaviour of the material and calculates the 
required stresses based on the input strains. The concepts are summarised in Figure 6.1 
and discussed in more detail below, and the full flowchart can be seen Appendix B 
Section 3. 
 
Figure 6.1 imp_dam_behav subroutine conceptual flowchart 
The subroutine imp_dam_behav is where the nonlinear elastic behaviour of the damage 
element is controlled. Arrays for the master curves of Young’s Modulus and Poisson’s 
ratio are stored in the subroutine as the four curves shown in Figure 6.2. The behaviour 
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for these master curves is taken directly from the 30 mm diameter cylindrical 
distribution peanut delamination star crack models. The homogenised E and ν for the 
impact damage region are generated by the inverse method and then non-
dimensionalised to be used as the master curves. As discussed later in the chapter, these 
master curves can be defined for any particular impact but unless otherwise stated the 
HNL soft inclusion developed here uses the master curves taken from the peanut and 
star crack models from Chapters 3 and 5. These are then multiplied by the input 
material values, the homogenised E, v and G to get four curves that are then used to 
obtain the values of E and v for any given input strain ε.  
 
Figure 6.2 Master Curves for Tension and Compression for Young’s Modulus and Poisson’s ratio 
The four master curve arrays that define the non-linear behaviour ME+, ME-, Mν+ and 
Mν- are multiplied by the material properties E and ν, Eq. 6.1. 
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This scales the non-linear behaviour of the master curve arrays to the specific material 
properties of the soft inclusion, and these specific arrays are used by the code to 
calculate the stress for the increment. For the nth increment δt the strains are summed, 
Eq. 6.2. 
 [ ] [ ]∑Δ= nn
1
εε  (6.2) 
The magnitude of the strain components ε1n and ε2n are compared to determine the 
loading direction, Eq. 6.3. The orientation of the applied load and the global co-ordinate 
system relative to the element co-ordinate system is dealt with external to the VUMAT 
by ABAQUS. 
 If nn 21 εε ≥  then ε1n is the loading direction (6.3) 
Once the loading direction strain is determined, this is the primary strain used for the 
non-linear calculations. The code then checks whether ε1 is a positive or negative value, 
which determines which set of arrays E+ and ν+ or E- and ν- that are used to calculate 
the stress. 
Assuming the value of ε1n is positive, the VUMAT then checks if the value of ε1n is 
greater than the maximum value of strain in the arrays [E+] and [ν+]. If the value of ε1n 
is greater the code automatically uses the maximum value of E+max and ν+max. 
Otherwise the VUMAT calls two subroutines spline and invspline, taken from Press et 
al. (1992). These subroutines make a 3rd order polynomial fit to the section of the arrays 
E+ and ν+ of interest and then interpolate to get the value of En and vn corresponding to 
value of ε1n. The value of vn is then checked, Eq. 6.4 to ensure it is above zero, 
 If 0<nν  then 0=nν  (6.4) 
A Poisson’s ratio less than zero is observed for some cellular materials, e.g. cork, but 
was not allowed for the current solid material even though the spline curve fitting 
algorithm could cause this to happen numerically. 
The value of Gn can then be related to En and vn using Eq. 6.5. 
( )[ ]nnn EG ν+= 12   (6.5) 
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Using the values of En, vn and Gn the stress σn can be obtained using Eqs. 6.6-6.8. 








εσ −+−=  (6.6) 








ενσ −+−=  (6.7) 
 nnn G 1212 2 γτ ⋅⋅=  (6.8) 
This process is repeated for the remaining integration points in the VUMAT section and 
the stresses for this increment are then returned to ABAQUS. 
When the impact damage region is unloaded, the material behaviour follows the loading 
curve, as the material model for the impact damage region assumes non-linear elastic 
response without damage accumulation. Therefore, the method of calculating the stress 
during unloading is the same as for loading, as Eq. 6.2 will simply calculate a 
decreasing total strain value during unloading, where the strain increments become 
negative. 
6.4 VUMAT Validation 
The VUMAT has been validated with a series of tests initially with one element and 
increasing to 100 elements to check the validity of the model and to debug the code.  
The initial tests checked the energy, displacement, stress strain and the state variable to 
ensure the code was behaving as expected. The subsequent multi-element tests focused 
on the stress-strain behaviour, ensuring the multi elements behaviour matched the single 
element models. 
6.4.1 Element Tests 
The meshes used for these tests can be seen in Figure 6.3. They include regular and 
irregular meshes to check the behaviour of the VUMAT with non-perfect elements. 
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Figure 6.3 Element meshes used for VUMAT validation 
The loading conditions consisted of symmetric boundary conditions and velocity 
loading along one edge (two in the case of shear tests) Figure 6.4. The velocities were 
applied with a smooth step loading curve and for 1.25 seconds in total there were two 
different velocities applied, 0.2 mm/s and 0.02 mm/s which equate to strains of 2% and 
0.2% respectively. 
 
Figure 6.4 Loading cases for VUMAT validation 
Figure 6.5 gives the stress-strain curves for the different loading cases, the isotropic 
undamaged (UnD) material is shown for comparison, along with the stress strain curves 
for the different meshes in the different loading cases at 0.2% and 2% strain. Results for 
some of the larger mesh sizes at the 2% strain are not plotted because the number of 
iterations required introduced significant rounding errors, causing invalid results. 
Figures 6.6 and 6.7 show the stress strain curves for tension and compression at 0.2% 
and 2% applied strain, loaded as shown in Figure 6.4 for the X and Y loading cases 
respectively. The results are identical for the different meshes as would be expected as 
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the loading direction and boundary conditions are just rotated 90º between the X and Y 
loading cases. This was necessary to check the validity of the stage of the subroutine 
that sets the loading direction with respect to the elements local co-ordinate system. It 
should be noted that with the 10 by 10 irregular mesh, the element co-ordinate system is 
not aligned to the global coordinate system that the load is applied in. However, as the 
results show, there is perfect correlation between the irregular mesh and the single 
element, and with all mesh densities showing no mesh dependence for the model.  
 
Figure 6.5 a) X 0.2% tension, b) X 0.2% Compression, c) X 2% Tension and d) X 2% Compression 
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Figure 6.6 a) Y 0.2% tension, b) Y 0.2% Compression, c) Y 2% Tension and d) Y 2% Compression 
The loading for the shear cases seen in Figure 6.4 were taken from the ABAQUS 
verification manual ABAQUS Inc. (2008). The same element meshes were used for the 
shear cases and for the tensile and compressive cases and also gave very good results as 
shown in Figure 6.7 showing mesh independence for the VUMAT in shear as well as 
tension and compression. 
 
Figure 6.7 a) X 0.2% Shear, b) Y 0.2% Shear, c) X 2% Shear and d) Y 2% Shear 
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In conclusion, the VUMAT successfully passed all the element validation tests showing 
that the VUMAT model works up to large strains approaching the failure strain of the 
material. The results also show mesh independence of the VUMAT, meaning that one 
element or 100 elements can be used to represent the impact damage region in the soft 
inclusion without affecting the accuracy of the results. The only limitation of the 
VUMAT is the rounding errors which can be introduced by the lack of double precision 
implementation. This can cause significant inaccuracies or early termination of the 
simulation if large numbers of increments are required. 
6.4.2 Circular Soft Inclusions 
The element validation has shown, that the VUMAT works for all loading conditions 
without failing and that the VUMAT is independent of mesh size, with the exception of 
the rounding errors for large numbers of elements. The next stage of the validation is to 
compare the behaviour of the VUMAT when inserted into a circular inclusion in a 
coupon and subjected to loading, under the same conditions that the detailed models of 
impact damage were loaded, i.e. to compare the VUMAT with the idealised damage that 
it should represent.  
The dimensions and boundary conditions for the coupons in the VUMAT tests are 
identical to those of the detailed impact damage region models. The difference comes in 
the complexity of the models and the elements used to construct them. The detailed 
damaged models, for instance a 30 mm diameter cylindrical distribution of peanut 
delaminations and 20 mm long star cracks, require 8 individual plies of 20-noded brick 
elements with ~2000 elements per ply and contact between the delaminations and fibre 
fracture cracks. The VUMAT model needs ~400 4-noded shell elements, which can be 
seen in Figure 6.8. The detailed damage model needs material properties and ply 
orientations for each ply. Similarly the VUMAT model uses homogenised ply 
properties E and ν for the undamaged region and the VUMAT material for the impact 
damaged region. 
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Figure 6.8 Comparison of mesh density and damage region complexity for detailed damage model 
and VUMAT model  
The VUMAT coupon models were loaded in tension and compression at the same 
applied strains as the detailed damage models. The average local stress and strain for the 
soft inclusion region was plotted and compared with average local stress and strain from 
the detailed damage models. These results are plotted in Figure 6.9 for tension and 
Figure 6.10 for compression. 
 
Figure 6.9 VUMAT vs. detailed damage model under tensile load 
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Figure 6.10 VUMAT vs. detailed damage model under compressive load 
As expected the VUMAT curve matches the detailed damage model curve exactly, as 
the detailed damage models provide the input curve for the VUMAT. This validates that 
the VUMAT works for circular regions with very irregular meshes under large strains 
without error. 
6.4.3  Square and Rectangular Soft Inclusions 
It is feasible to add circular inclusion regions within coupon specimens where the area 
of the impact damage region is around 5% of the coupon area, this becomes less feasible 
when modelling a stiffened panel of the sort typically used in buckling and post-
buckling tests, where the region is around 0.5% of the panel area. It becomes unfeasible 
when modelling a large structure such as a wing skin section where the damage would 
be around 0.002% of the region. At the scale of wing skin sections or other structures of 
a similar size, the impact damage region would be represented by an area equivalent to 
that of a single element, which is likely to be square or rectangular in shape. 
Consequently, tests were conducted on the HNL soft inclusion using square and 
rectangular inclusions rather than circular inclusions. The inclusions were placed 
centrally in the coupon, had equivalent areas and were subjected to the same loading 
conditions as the detailed damaged models. The results from these tests can be seen in 
Figure 6.11 for tension and Figure 6.12 for compression. 
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Figure 6.11 Non-linear soft inclusion shape vs. detailed damage models for tension 
 
Figure 6.12 Non-linear soft inclusion shape vs. detailed damage models for compression 
The square soft inclusion shape shows good correlation with the circular shape and the 
FE results with less that 2% error even at the highest applied strains. The rectangular 
inclusion models showed less correlation particularly at the highest applied strains. This 
is thought to be due to the difference in height between the rectangle and the circle 
which is a greater difference than between the square and circle, resulting in the range 
of strains applied across the length of the rectangle being greater and the resulting 
average slightly lower. Consequently, when using the non-linear soft inclusion with 
large structural models, the aspect ratio of the element to which it is applied should be 
kept as close to unity as possible. 
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One possible solution for keeping the mesh surrounding the soft inclusion region as 
regular as possible is to introduce a transition region around the soft inclusion. This 
could be done by creating a square section around the soft inclusion region. Outside this 
square section the mesh for the whole structure the global mesh would be more regular 
this square section would have a transition mesh between the global mesh and the local 
irregular mesh of the soft inclusion as shown in Figure 6.13. This method should 
produce identical results compared with the circular soft inclusion. 
 
Figure 6.13 Possible transition mesh from structure to localised impact damage region 
The results from this section validate the non-linear soft inclusion VUMAT and 
demonstrate that it is capable of accurately modelling circular soft inclusions under 
tension and compression at different applied strains, with a coarse irregular mesh, to 
within 0.5% error. For modelling large structural panels where the area of the impact 
damage region would be typically 0.002% of the area of the structure, having a circular 
region of impact damage in the mesh is not feasible. In this case the impact damage 
region can be represented by a single square or rectangular element, although the 
simulations suggested that square elements performed better than rectangular elements. 
6.5 Experimental Comparisons 
While the previous section dealt with the verification of the non-linear soft inclusion 
VUMAT this section applies it to experimental data to determine whether the non-linear 
soft inclusion would indeed behave as expected. This was done by comparing the worst 
case VUMAT with a range of stress-strain curves taken from experimental coupons 
analysed using digital image correlation (DIC). The worse case VUMAT as previously 
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mentioned, Section 6.3.3 takes the behavioural trend of the stress strain curve from the 
worst case of a cylindrical distribution of peanut delaminations and star cracks FE 
models and applies this trend to the homogenised material properties of the laminate to 
be modelled. The peanut delaminations with the cylindrical distribution through the 
thickness were chosen as these offered the largest stiffness reduction for all the 
delamination shapes and distributions modelled. The experimental coupon results were 
taken from Sztefek and Olsson (2009) and consist of 2 mm with a lay up of 
(0º/±45º/90º)s/(90º/m 45º/0º)s and the specimens being impacted at 7 J and 10 J resulting 
in damage size of 20-30 mm in diameter. The 4 mm specimens have a lay up of 
[(0º/±45º/90º)s/(90º/m 45º/0º)s]2 and were impacted at 10 J, 14 J and 20 J resulting in a 
damage size of 30-40 mm in diameter. The boundary conditions were taken from the 
DIC results and allowed for the exact in-plane and out-of-plane displacements of the 
plate to be applied to the models, as was done for the detailed experimental replica 
models in Section 5.5. More details about the experimental coupons and the boundary 
conditions can be found in the aforementioned section. 
6.5.1 Experimental Comparison Results 
This section presents and discusses the results from the comparison of the stiffness 
reduction observed experimentally and the results of the worst case non-linear HNL soft 
inclusion. These results are also augmented with photography and C-scans of the impact 
damaged coupons before mechanical testing to show the severity of the damage 
sustained. 
Not all of the results will be presented here in detail. For the sake of brevity, two 
representative cases will be presented, namely a 2 mm laminate with a 7J impact loaded 
in tension and a 4 mm laminate with a 20J impact loaded in compression. These results 
can be seen in Figure 6.14 and Figure 6.15 respectively. 
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Figure 6.14 Non-linear soft inclusion vs. experimental coupon 2mm 7J loaded in tension 
 
Figure 6.15 Non-linear soft inclusion vs. experimental coupon 4mm 20J loaded in compression 
These two cases are representative for all of the cases compared with the exception of 
one. This was for the highest energy, 10J for the 2 mm laminate, where a non-
conservative result was predicted by the non-linear soft inclusion. This case is distinct 
from all the others as seen by the photographs of the damage in Figure 6.16. The 
damage is of sufficient severity for almost complete penetration to occur, and can no 
longer be considered BVID damage and consequently the non-conservative prediction 
of the non-linear soft inclusion is unsurprising. 
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Figure 6.16 Non-linear soft inclusion vs. experimental coupon 2mm 10J loaded in compression 
It can be concluded from these results that, the non-linear soft inclusion does produce a 
conservative prediction of stiffness for all BVID impact damages it was compared with. 
The only exception was a case where the damage was very severe resulting, in almost 
complete penetration, and was too severe to be classed as BVID. Consequently it was 
outside the range of damage for which the non-linear soft inclusion model was designed 
to conservatively predict the stiffness reduction of. Penetration would be easily 
observed and repaired straight away. While the model is designed to mimic BVID 
behaviour which is likely to remain undetected in the structure until a major inspection. 
6.5.2 Experimental Data Curve 
The previous section has shown that the non-linear soft inclusion conservatively 
predicts the stiffness in a range of BVID impact damages under tension and 
compression. There are two drawbacks to this worst case curve one is that the detailed 
damage models that it is derived from did not consider damage growth, so particularly 
for the tensile case when damage observed experimentally propagates at a fairly low 
applied strain due to delamination growth and fibre fracture crack growth and splitting, 
this is a limitation. Secondly, detailed damage models are very complex and time 
consuming to construct and computationally intensive to run. 
There is another option for generating this curve instead of using a master curve 
generated from detailed impact damage FE models. Experimental data can be used to 
generate the master curve, using the inverse method described by, Sztefek and Olsson 
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(2008a) which was applied to DIC data of impact damage regions experimentally 
loaded in tension and compression. To demonstrate this an example has been developed 
taking data for a 4 mm balanced QI sample impacted at 14J and loaded up to failure in 
tension and compression, Sztefek and Olsson (2009). 
This change of master curve can be implemented into the code by simply changing the 
values of, XMCurEpsPos, XMCurEpsNeg, XMCurYoungPos, XMCurYoungNeg, XMCurNuPos 
and XMCurNuNeg, see Appendix B. The integer value n also has to equal the number of 
values in the aforementioned arrays. The value of n has to be the same for the positive 
and negative curves and if there are more data points for one curve than the other this 
can be overcome by introducing extra data points on the required curve. This can be 
done by adding increasing values of strain to XMCurEps array while keeping the values 
of XMCurYoung and XMCurNu the same as the last value, as this is what the code assumes 
if it exceeds the end of the array. The values of XMCurEpsPos and XMCurEpsNeg should 
be kept as absolute positive values. The fact that one array is negative is taken care of 
elsewhere in the code. 
Using the experimental curve for the non-linear soft inclusion can be demonstrated in 
the following two cases. The first is for a 4mm laminate impacted at 14J and loaded in 
tension. This is the same data used to generate this experimental curve and can be seen 
in Figure 6.17. This serves two purposes, firstly to validate that the experimental curve 
can replicate the results for the particular experiment, secondly this demonstrates the 
extended range of applicability of the model compared with having a curve taken from 
the detailed damaged FE model, because of the damage growth behaviour that is 
intrinsic to the experimental curve. 
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Figure 6.17 Non-linear soft inclusion with experimental curve vs. experimental coupon 4mm 14J 
loaded in tension 
The second case shows that the experimental curve taken from a 14J impact on a 4 mm 
laminate can also act as a conservative prediction for residual stiffness compared with 
other experimental impact damages of a lower energy, or to determine if an impact 
damage region is below a threshold level represented by the experimental curve used in 
the VUMAT. The experimental results in this comparison are for a 4 mm laminate 
impacted at 10 J and then loaded under compression, Figure 6.18. 
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Figure 6.18 Non-linear soft inclusion with experimental curve vs. experimental coupon 4mm 10J 
loaded in compression 
In conclusion, this section shows that the non-linear soft inclusion developed as part of 
the research contributing to this thesis, can be implemented using a curve based on 
idealised FE models of damage or curves taken from experimental data using the 
inverse method developed by Sztefek and Olsson (2009). The use of experimental 
curves could be advantageous in industry where certification requirements require 
structures to withstand impacts and certain energies and there are particular materials 
and lay-ups used. In this instance, it would be possible to develop a library of curves 
from experimental data covering the majority combinations of impact energy, location 
and laminate thickness/lay-up from an experimental test matrix. This would provide 
data that could be used to test large structural components at all required certification 
energies at the design stage, enabling efficient optimisation of the design. 
6.6 Conclusions 
To summarise, this chapter draws together all the findings from the detailed modelling 
of impact damage at the micro and macro scale, in tension and compression. It identifies 
some of the different damage mechanisms and parameters that have been determined to 
influence the residual stiffness of the damage region under post impact loading, through 
parametric studies using detailed FE models. It also identifies that the analytical model 
developed to predict buckling strain for impact damage laminates matched the local 
average strain in the damage region obtained from FE models but consistently 
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underpredicted the buckling stress, and could provide no prediction for the stiffness in 
postbuckling. It could, however be used as an initial check to determine if damage will 
buckle in compression. 
The detailed impact damage results and techniques were used to describe a 
comprehensive methodology to model impact damage in tension and compression and 
change the lay-up size and through thickness profile of the damage without extensive 
remodelling. A method is proposed for how these detailed models could provide 
information of the behaviour on impact damage under loading using HNL soft 
inclusions which could mimic the damage in a larger structural model. 
The remainder of the chapter deals with the development validation and implementation 
of the VUMAT user material developed to capture the non-linear geometric and 
material behaviour from the detailed damage models for implementation in the HNL 
soft inclusion. Subsequently the soft inclusion is tested and compared with experimental 
results, which shows that a mesh independent soft inclusion has been developed capable 
of mimicking the behaviour of the detailed damage models in tension and compression, 
at a range of applied strains. This HNL soft inclusion is a worst case compared with all 
experimental values of BVID examined, thus verifying the HNL soft inclusion for use 
as a worst case impact damage design tool. The NHL soft inclusion can be considered a 
worst case damage model which gives these conservative predictions, because of the 
idealised damaged distribution used. The cylindrical distribution of peanut 
delaminations is based on the largest delamination size observed and assumes the 
delaminations are this size at every interface in the laminate, which in reality is not true 
as the majority of delaminations are smaller that the maximum size. Similarly the fibre 
fracture crack pattern is conservative because it assumes a single long crack, which has 
been demonstrated to be worse than several shorter cracks, on every ply. Experimental 
observations suggest that fibre fracture cracks tend to be two or three shorter cracks 
occurring in some but not all of the plies. The chapter also concludes that rather than 
taking the data from the detailed FE models, the data could be taken from experimental 
data. This would be particularly useful if a small number of impact energies and lay-ups 
were of interest, and also if there were multiple structures made from these laminates 
that had multiple impact sites that needed to be modelled. 
 




Chapter 7  
Conclusion 
This chapter discusses the overall conclusions for the research presented in this thesis in 
section 7.1. Section 7.2 identifies the contributions of the presented research to the 
research community and section 7.3 provides suggestions for extension and further 
development of this investigation to improve understanding of impact damage and to 
improve the functionality and usefulness of the non-linear soft inclusion model as a 
design tool. 
7.1 Conclusions 
Impact damage and particularly BVID is a serious threat to laminated composites. 
While there are techniques to reduce the threat of impact damage, it cannot be 
eliminated. This results in a need to design damage tolerant structures without making 
them excessively thick to overcome the threat of impact damage, as this adds weight to 
the structure which reduces performance and increases cost. In order to develop impact 
damage tolerant structures, the main focus of this research has been to develop a simple 
design tool that can be used in the design or servicing of composite structures. 
A non-linear soft inclusion has been developed to address these issues and implemented 
in ABAQUS/Explicit in the form of a VUMAT. This captures the non-linear material 
and geometrical behaviour of an impact damage region in tension and compression at 
different applied strains. This VUMAT implementation allows a complex impact 
damage region to be modelled with a single shell element or a cluster of shell elements 
with the VUMAT assigned to them. This HNL soft inclusion captures the behaviour by 
following non-linear stress strain behaviour taken from the apparent Young’s modulus 
E and Poisson’s ratio ν of the impact damage region. This master curve can either be 
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taken from FE models or from experimental data. To obtain the data for the FE master 
curve, detailed FE models of the impact damage region had to be produced. 
These models were developed to capture representative behaviour of impact damage 
without modelling a specific impact damage region. They were not only developed to 
provide data for the non-linear soft inclusion model but also to provide an 
understanding of the importance of different damage mechanisms to the residual 
stiffness of the structure under tension and compression. For this reason, damage 
growth was not included in these models, and the relative importance of the different 
damage mechanisms, matrix cracking, delamination and fibre fracture, as well as 
geometric factors such as through-thickness distribution of delaminations and laminate 
lay-up have been identified. 
In tension, the residual stiffness of the laminate seemed to be largely independent of 
laminate lay-up. The major finding was that delaminations as well as fibre fracture 
cracks are required for significant stiffness reduction to occur after impact in tension. If 
only fibre fracture cracks are considered, then the strain concentration from the region is 
concentrated around the cracks and is prevented from spreading over the impact damage 
region due to shear lag effects. The delaminations enable the stiffness reductions caused 
by the cracks to spread over the entire damage region. Secondly, the fibre fracture 
cracks are important in the zero degree as well as the ± 45 degree plies. Models with 
only fibre fractured in the zero degree plies show significantly less stiffness reduction. 
The effect of fibre fracture crack distribution was also investigated, and it was 
determined that the higher the crack density, the more severe the stiffness reduction. In 
addition one long crack was found to be more severe than several smaller cracks in 
parallel. 
In compression, micro-mechanics models showed that fractured fibres under 
compressive loading behaved differently from that intuitively expected. The author 
expected the fibres to spread apart and slide into the spaces between the opposing fibres, 
rather like pushing two brushes together. However, the micromechanics models showed 
that at the fibre volume fractions typical in aerospace grade composites (about 60%), 
there was insufficient space between the fibres for the opposing fibres to penetrate to the 
extent that the two surfaces of fractured fibres in the ply behaved like free edges loaded 
against each other and subsequently buckled. This behaviour was then incorporated into 
macro scale models of the impact damage loaded in compression. 
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The macro scale models identified that delamination size as expected is significant in 
determining the local buckling strain for the impact damaged region. Unlike in tension, 
the delamination pattern was significant the twin ellipse delamination pattern was 
shown to be stiffer than the peanut delamination pattern. This is because the twin ellipse 
model has an un-delaminated central core which effectively halves the buckling lengths 
of the individual sublaminates, thus stiffening the region. Fibre fracture cracks were 
also shown to be far less significant in compression than in tension. The effect of fibre 
fracture cracks on the buckling load was less than 5% although they did significantly 
affect the buckling mode. The distributions of delaminations through the thickness 
modelled are cylindrical so the delamination size remains constant through the 
thickness, conical and double cone (barrel) shaped distributions representing the 
observed distributions for experimental impact damage for high and low span to 
thickness ratios respectively. Both the conical and double cone distributions have higher 
residual stiffness than the cylindrical distribution. This is as expected because the 
sublaminates have decreasing buckling lengths increasing the buckling strain of the 
individual plies and thus the stiffness of the laminate. 
The influence of matrix cracking was considered by reducing the transverse material 
properties of the UD plies by an arbitrary percentage to simulate matrix cracking. 
However no significant effect was noticed in tension or compression, so this was not 
investigated further. 
7.2 Research Contribution 
The research within this thesis has contributed to the wider research community in two 
main areas. Firstly the work has made original contributions to the understanding of 
impact damage mechanisms on the residual stiffness of composite structures. As 
mentioned in the conclusion, in tension delaminations are as important as fibre fracture 
cracks for significant stiffness reduction. Fibre fracture cracks are important in plies of 
all orientations rather than just in the zero degree plies, and one long crack is more 
severe than several parallel shorter cracks.  
In compression micro-mechanical models have shown that fractured fibres in 
compression behave as a free edge rather than intersecting with opposing fibres and that 
the delamination shape and the through thickness distribution of delaminations have a 
significant influence on the buckling behaviour. 
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The second area of contribution is the development of a non-linear soft inclusion model 
that can be used to model impact damage in larger structural models very easily by 
simply selecting an element or region of elements to assign the VUMAT material 
properties to, making that area the impact damage region. This HNL soft inclusion is 
not mesh-dependent and does not have to be circular or elliptical in shape. It can be 
square or rectangular and gives results to within 5% of the circular region. This can be 
easily implemented into large structural panels which have a regular mesh pattern by 
simply selecting a single element to represent the impact damage or by refining the 
mesh locally while still retaining the regularity in the mesh. 
 
7.3 Future Work 
This section provides suggestions for future extension of the current research by 
improving the results and making the non-linear soft inclusion concept more useful as a 
design tool that can be used for parametric studies of impact damage. 
7.3.1 Detailed Impact Damage Models 
While the detailed damage models have identified the most important damage 
mechanisms affecting the residual stiffness of a laminate under tension and 
compression, the influence of global buckling and bending has not been considered. 
Similarly another important factor that has not been considered is damage growth. 
Damage growth was deliberately not included in these models so that the influence of 
the individual damage mechanisms could be assessed. However, damage growth is an 
important feature of impact damage, particularly in understanding how the damage 
grows to failure. The detailed damage models have been built with this consideration in 
mind. Tie commands that hold the plies together outside the delaminated regions could 
easily be replaced by cohesive surfaces, which would allow delamination growth at all 
ply interfaces. Fibre fracture crack growth in tension could be implemented by using 
standard fracture mechanics crack growth techniques using interface or cohesive 
elements placed along crack growth lines, or by implementing the XFEM crack growth 
implemented in ABAQUS 6.9. 
Lay-up is another area that could be studied further. All of the lay-ups considered were 
balanced QI laminates, due to limitations of the method used to determine the stiffness 
reduction. Orthotropic laminates with cross-ply and other lay-ups need to be looked into 
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as these would influence the shape of the damage region and introduce stretch-bend, 
stretch-shear and bend-twist coupling, which would also influence the behaviour of the 
damage region, particularly under compressive loading. Thicker laminates approaching 
more realistic aerospace thickness could also be studied along with a wider range of 
delamination diameters to laminate thickness, although this would require additional 
computational power. 
Delaminations have only been placed at every interface. Thus, another important 
consideration is not having delaminations at every interface and having sublaminates 
consisting of two or three plies rather than just single plies, to replicate what is observed 
fractographically for some impacts. Also for modelling thick laminates, damage that 
does not extend all the way through the thickness could be an important consideration. 
The influence of the initial imperfection or indentation has also been shown to be 
important, Grahn (2003). This was not studied in the current research due to the 
complexity of trying to model the geometry of the indentation. This parameter could 
also have an effect, particularly under compressive loading, and could be investigated. 
Finally, one other area that could be studied using these detailed models is to look at the 
influence of impact damage in different locations, such as on free edges, over regions of 
ply drop off, over joints, close to stiffeners or near bolts or rivets. 
7.3.2 Experimental Work 
The focus of this project has been purely computational and there has been a lot of 
experimental work on characterising impact damage published in the literature, which 
was of huge benefit to the current  research. 
The findings of this research have created some issues that could be investigated further 
experimentally. Fractured fibres loaded in compression were hypothesised to 
interpenetrate into the opposing sections but the modelling suggested this did not 
happen. It would be very interesting to study experimentally if this phenomenon occurs 
or not. To achieve this, samples would have to be impacted at a sufficient energy to 
cause fibre fracture, and then loaded to a range of applied strain below the final failure 
strain of the impact damage region. The damage would then have to be fixed in position 
so that sectioning and polishing of the damage region could be conducted for the 
purposes of microscopy without damaging the impacted region. A technique to achieve 
this might be to inject resin into the region with the sample held at the applied strain, 
until the resin has cured, as used by Pavier and Clarke (1995).  
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Other possible avenues for experimental work could focus on the influence on dents and 
other residual surface flatness imperfections caused by the impact event which could 
have significant effect on the buckling behaviour of thin laminates. Also the effect of 
more realistic impactors and impactor shape such as stones, fragments of metal on the 
shape and extent of the damage caused could be investigated.   
7.3.3 Non-Linear Soft Inclusion Model 
The initial work to be conducted on the HNL soft inclusion models is to validate them 
for larger structural applications such as stiffened panels. The soft inclusion has been 
validated against coupon level experiments but not against experiments for larger 
structures. 
Currently there are two different master curves for the soft inclusion, one taken from the 
detailed FE models and the second taken from experimental data, Sztefek and Olsson 
(2009), which results in having two separate VUMAT codes. A better solution to this 
would be to extend the code so that the master curve data is read in from a separate file, 
which would enable a library of master curves to be built up from FE and or 
experimental data for different materials, impact loads, lay-ups and impact locations etc. 
These curves could be called by the user by entering an additional user input into the 
input file, with each curve in the library being indexed to a number. The selection of 
these curves would be easy in the design situation where the impact damage region 
required to be simulated was a predefined case i.e. a 50J impact on a particular location 
made of a 10 mm thick laminate with this lay-up and these material properties as this 
would be a standard impact and explicitly defined in the library. It would be much 
harder to define the curve required for an unknown impact where only C-scan data is 
available and further work is required to be able to identify the appropriate damage 
curve for real life impact damage regions. 
Alternatively, the more complex option would be to have non-dimensional parameters 
that control the shape of the curve. These parameters could be controlled by user input 
variables in the input file. These non-dimensionalised parameters would manipulate the 
curve to control the change in stiffness due to the severity of the fibre fracture cracks, 
the number of delaminations through the thickness, the distribution of the delaminations 
through the thickness or laminate lay-up for example. This implementation would, 
however, require significant changes to the way that the master curves are defined in the 
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VUMAT. The curves would have to be defined by an equation such as a polynomial 
rather than the current tabular format. 
Implementation of a refined version of this HNL soft inclusion model would provide a 
powerful and adaptable tool for composite structure designers and analysts in a 
multitude of industries where impact damage tolerant design is critical. 
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between the predicted and measured strain ﬁelds and the corresponding stiffness distributions obtained
with the inverse method.
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Impact damage is a constant concern in the design of structures
of composite materials, and frequently controls the allowable
strains [1]. The largest effects are normally seen in compression,
primarily due to the interaction of delaminations and local buck-
ling. Tensile stiffness reductions have mainly been linked to ﬁbre
fracture and some authors have suggested that the region with
ﬁbre fracture may be regarded as a hole [2]. Others have suggested
modelling the ﬁbre damage zone as a soft inclusion [3]. The latter
paper used laminate theory to calculate the inclusion stiffness,
assuming zero stiffness of plies with broken ﬁbres. An elementary
ﬁnite element (FE) model of an impact damage in an 18 ply lami-
nate under compression was presented in [4], where the damage
was modelled as a single rectangular delamination and a number
of cracks perpendicular to the loading direction. However, the
appropriate stiffness distribution in the damage zone remains un-
clear. It should be noted that a detailed description of the stiffness
gradients is crucial for determination of the stress concentrations
and strength reductions caused by impact damage.
An early experimental study of ﬁbre damage in impact damage
zones was done by observing the tensile strength variation of ﬁbre
bundles within the damage zone [5]. Tensile tests on coupons
taken from different parts of the damage zone have indicated that
the stiffness reductions are non-uniform, non-zero and concen-
trated to a small central damage region with ﬁbre fracture, [6]. All rights reserved.
.
en).
A2recent study used an inverse numerical method to evaluate exper-
imentally measured displacement ﬁelds in impacted specimens,
[7]. The predicted stiffness distribution conﬁrmed the observations
in [6].
The current paper presents a numerical study of the inﬂuence of
impact damage on the local tensile stiffness of multi-directional
laminates. Different patterns of ﬁbre cracks and delaminations
are included in a detailed ﬁnite element (FE) model of uniaxially
loaded laminates. The corresponding local stiffness is evaluated
using the inverse numerical approach in [7]. The models are vali-
dated by comparing the predicted strain ﬁelds with measurements
on impacted laminates.
2. Initial parametric studies
The initial studies were inspired by the investigations of Olsson
et al. [8] who conducted tensile stiffness evaluation of specimens
with artiﬁcial impact damage. That gave a starting point for the
study and motivated the use of the inverse method as veriﬁcation
of the FE results. The star crack pattern in [8] was generated by cre-
ating a cut perpendicular to the ﬁbres in each ply prior to lay-up,
producing a star crack pattern upon lay-up. This pattern was ex-
pected to give a large stiffness reduction in tension but the exper-
imental results did not show this. This was felt to be a good
starting point for a study into the effects of impact on tensile stiff-
ness reduction. A parametric study of these star ﬁbre fracture
cracks was conducted using FE modelling to determine the param-
eters that controlled the stiffness reduction. These were con-
structed of eight ply (90/45/+45/0)s laminates 100  20  2 mm
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in each ply. They were modelled using brick elements with each
ply being one brick thick. The study looked at an undamaged lam-
inate, a laminate with ﬁbre fracture cracks only, a laminate with
delaminations only and a laminate with ﬁbre fracture and delam-
inations. It was found that delaminations alone had no effect on
the stiffness of the laminate in tension and that ﬁbre fractures
alone caused minimal average reduction in stiffness (12%),
whereas delaminations combined with ﬁbre fracture resulted in
signiﬁcant average stiffness reduction (55%). From this it was con-
cluded that delaminations and ﬁbre fracture are required to be
present for stiffness reduction to occur in tension. This model of
delamination and ﬁbre fracture was also tested for eight different
lay-ups (0/45/+45/90)s, (0/90/+45/45)s, (90/0/45/+45)s,
(90/45/0/+45)s, (+45/45/90/0)s, (+45/90/45/0)s, (45/90/0/
+45)s and (45/0/90/+45)s. No difference between stiffness reduc-
tions in lay-ups with the same face ply orientation was observed
and very little variation was observed between laminates with dif-
ferent face ply ﬁbre orientations.
These results are conﬁrmed by the experimental ﬁndings in [8],
where quasi-isotropic laminates with artiﬁcial star shaped ﬁbre
damage were tested. The resulting strain concentrations were
found to be negligible at low applied strains, although strain con-
centrations appeared in the vicinity of the cracks as they opened
and delaminations developed.
3. Full scale damage models
For the full scale models combinations of different delamina-
tion patterns and ﬁbre crack patterns, Fig. 1, were considered. In
order to alleviate any problems with edge effects or hour-glassing
of elements due to large deformation between the ﬁbre fractures
and the edge of the laminate, the laminate size was increased to
100  80 mm, with the damage located centrally. The laminate
is an eight ply quasi-isotropic balanced laminate with (90/45/
+45/0)s lay-up, nominally 2 mm thick. Having proven the stiffness
reduction to be independent of lay-up sequence this lay-up was
used because the ﬁbre fracture cracks on the 90 plies do not open
during loading. This provides a surface free from strain disconti-
nuities from which the strain ﬁeld can be measured, which is
desirable to obtain good results from the inverse method.
There are four different delamination patterns as seen in Fig. 1a.
These were chosen from the literature to investigate the differ-
ences in stiffness reduction caused by each, the circular delamina-Fig. 1. (a) Delamination patterns, (b) ﬁbre fracture patterns and average crack d
A3tion is the most basic and widely used [9], the twin ellipse pattern
was proposed by Davidson [10], the peanut or lemniscates by
Cairns [11], and ﬁnally the split peanut suggested by Hull and
Shi [12].
The crack patterns in Fig. 1b include some patterns suggested in
the literature as well as some random patterns generated in the
present study. The star pattern from [8] assumes the cracks occur
perpendicular to the ﬁbres in each ply. The line cracks, which only
occur in 0 plies, represent the model of stiffness reduction in [13],
where it is assumed that the stiffness reduction can be modelled by
failure in the 0 plies only. The three random distributions of cracks
were generated using a Matlab script, which randomly assigns a
ﬁbre fracture crack length between 1 mm and 15 mm positioned
perpendicular to the ﬁbre orientation inside an 18 mm diameter
circle, and places between one and three cracks per ply. To com-
pare the crack patterns a dimensionless parameter of average crack
density (Avg. CD) has been created based upon the parameter crack
density q deﬁned in [14], Eq. (1.1), where the sum of the half
length L/2 of each crack in a ply is summed and divided by an area
A. In the present case A is the area of the 18 mm diameter circle
that can be seen in Fig. 1b surrounding each of the crack patterns.
The average crack density (Avg. CD) was obtained by averaging the
crack density q across all n plies in the laminate













The relative average crack densities for all crack patterns can be
seen in the comparison in Fig. 2.
In order to verify the ﬁndings of these models, a model of a real
16 ply laminate impacted at 7 J [7] was created based on fractog-
raphy of the real laminate. The fractography for this study was ta-
ken from [15] although the And-scan images of delaminations
were too poor to determine delamination shapes so peanut shapes
of the correct diameter were used instead. Furthermore, some of
the ﬁbre fracture cracks were missed in the original fractographic
study in [15] and had to be determined from re-examination of
the actual de-plied laminate. To replicate the experimental loading
precisely, the boundary conditions were the far ﬁeld displacements
observed in the experiment by using optical measurements based
on digital image correlation (DIC).
A second FE model was also produced using the same peanut
delaminations. The real ﬁbre fracture was, however, replaced by
a star crack pattern to demonstrate that reasonable results can stillensities and (c) delamination orientation with respect to ply ﬁbre direction.
Fig. 2. Average crack densities for crack patterns.
Fig. 3. The fundamentals of the inverse approach.
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easily implemented in a model.
4. Modelling technique
Finite element modelling was conducted using ABAQUS 6.6.
The laminates were created using linear 3D brick elements
(C3D8R) with one brick per ply thickness. The ply properties were
entered as engineering material properties and the material (ﬁbre)
orientation for each ply was then assigned separately. The material
properties used in the parametric studies correspond to the
carbon/epoxy system HTA/6376C as reported in [16]. They
are E11 = 137 GPa, E22 = E33 = 10.4 GPa, G12 = G13 = 5.19 GPa,
G23 = 3.9 GPa, m12 = m13 = 0.3 and m23 = 0.51. For the experimental
model, the material properties used corresponded to the material
properties of the experimental laminate, taken from [7]. These
are E11 = 141 GPa, E22 = E33 = 8.9 GPa, G12 = G13 = 4.73 GPa,
G23 = 2.9 GPa, m12 = m13 = 0.3 and m23 = 0.50.
The delamination shape is created as a sketch on the surface
and then extruded through the ply so that delaminations for both
faces of the ply appeared on both faces, which allows a uniform
mesh through the thickness of the ply. Ideally the ﬁbre cracks
within the ply should be described by two disconnected surfaces
along a straight line. In models with one ply this was achieved
by cutting the ply into two parts and using the tie command to join
the ply parts on either side of the crack. In multiply models this
was not feasible as the nodes along the joined edges would have
been used in two separate tie commands which is not permitted
within ABAQUS. For this reason the ply cracks in multiply models
were modelled as highly extended ellipses, having a crack length of
1–15 mm and a crack width of 0.001 mm, by using the cut out tool
available in ABAQUS 6.6 CAE. The laminate is then created by ty-
ing the plies together. All sections on the face of a ply, apart from
the delaminated area are deﬁned as a surface and then adjacent
surfaces are tied together using the tie surface command within
ABAQUS. Studies using single ply models showed very little dif-
ference in the strain ﬁeld between the elliptical cracks and the
ideal line cracks, making elliptical cracks acceptable. The same
problem with common nodes prevented shell elements from being
used to model individual plies as the nodes were common to both
surfaces and could not be used to tie both sides of the ply into the
laminate.
No contact constraints have been used between the delamina-
tions in these models, although the delaminated areas were ob-
served to move and intersect in the out of plane direction duringA4the solution. Comparing a laminate without contact constraints
and a laminate with contact constraints revealed only a 1% differ-
ence in stiffness reduction but a six-fold increase in solution time
for the laminate with contact constraints. Consequently contact
constraints were considered unnecessary.
5. Inverse method
The homogenised constitutive parameters of the laminates rep-
resented by FE models as introduced above were sought using the
indirect inverse method based on iterative updating of the material
properties in an FE model using shell elements with a number of
piecewise homogeneous zones [7]. The strategy is to minimise
the difference between the displacements numerically predicted
in the piecewise homogeneous FE model and the displacement
ﬁelds obtained by solving the FE models with damage and stacked
plies. As the inverse method is usually coupled with full ﬁeld mea-
surements obtained by digital image correlation (DIC), the input
(reference) displacements from the FE laminates with discrete
damage features are considered only on the surface of the models.
The iterative FE analyses of the piecewise homogeneous model,
performed with the commercial software ABAQUS, provide an up-
dated displacement ﬁeld resulting from a speciﬁc set of material
parameters. The difference of these two displacement ﬁelds is de-
noted as displacement error and this error is minimised by
employing The steepest descent optimization method. The basic
principle of the inverse method is illustrated in Fig. 3.
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using an isotropic FE model with artiﬁcial impact damage [7].
The Young’s modulus and the Poisson’s ratio were determined
accurately when considering an ‘‘academic” displacement ﬁeld
without noise and were in a very good agreement when adding
white noise to the reference displacement ﬁeld. The method was
then applied to DIC measurements on experimentally impacted
laminates and the material properties were determined.
6. Stiffness evaluation
The inverse method was applied to the FE models with an artiﬁ-
cial damage created by coupling 5 different types of ﬁbre fracture
(star and line pattern, and random light, medium and severe cracks)
together with six delamination types (circular delamination with
radius of 10, 20 and 30 mm, twin ellipse, peanut and split peanut
shapes having outer radius of 30 mm), see Fig. 1. The delaminations
were orientated so that the major axis was aligned along the ﬁbre
direction of the lower ply, seen in Fig. 1c, as observed experimen-
tally when examining impacted laminates [16]. The FEmodels were
subjected to tensile load resulting in an applied strain of 0.3%,
which had been selected not to exceed the elastic range of the
material. Having different types of delaminations with outer radii
10, 20 and 30 mm, and ﬁbre fracture concentrated within an
9 mm radius circle, it was decided to model the piecewise homoge-
neous FEmodel with the damage discretised into 6 sections to eval-
uate stiffness distribution with a reasonable resolution. As seen
from previous studies [6,8], as well as from in-house experiments,
the damage in quasi-isotropic laminates is fairly circular and there-
fore 5 mm wide concentric rings, positioned in the centre of the
model were considered, Fig. 4. The outer radius of the damage re-
gion was then 30 mm. As the lay-up of the FE model is quasi-isotro-
pic, the constitutive parameters for each section are limited to the
Young’smodulus and the Poisson’s ratio. Both properties are sought
as dimensionless relative values with respect to the undamaged
material. A full convergence to the results being presented in this
paper is achieved at typically about 50 iterations (about 2.5 h usingFig. 4. Discretisation of the piecewise homogeneous FE model.
A5a Pentium 4 CPU, 2.8 GHz). The elastic constants determined are
plotted as normalised values (with respect to the undamagedmate-
rial) across the width of the investigated sample through the centre
of damage region, e.g. Fig. 5.
The results of peak and average stiffness for the different com-
binations of delamination shape and ﬁbre fracture crack patterns
are shown in Table 1. Not all delamination shapes were modelled
with all ﬁbre fracture crack distributions so where a model was
not produced there is no entry in the table. Where a particular re-
sult is of interest it is identiﬁed with roman numerals I–XIII and are
referred to in the following text.
Result I from Table 1, is the control case with undamaged mate-
rial, no delaminations and no ﬁbre fracture cracks. Results II and III
illustrate the stiffness reduction for line and star ﬁbre fracture
crack distributions without delamination; this stiffness reduction
was found to be very localised. Results IV and V demonstrate that
delamination alone causes no stiffness reduction in tension. Fig. 5
shows results VI–VIII which indicate that ﬁbre fracture crack distri-
butions combined with circular delaminations cause signiﬁcant
stiffness reduction. However, the predicted stiffness distribution
only reﬂects the variation within the top ply, as the large circular
delamination uncouples the displacements in the top ply from
the remaining plies within the entire region where the local stiff-
ness is evaluated. Consequently a delamination pattern which
retains the coupling between the plies – as observed in real spec-
imens and seen in the literature – is necessary. In Fig. 6a the stiff-
ness reduction can be seen for the star and line ﬁbre fracture crack
distributions without delaminations (II, III). Fig. 6b shows the same
ﬁbre fracture crack distributions for peanut delaminations (IX, X),
clearly showing that delaminations result in a more widespread
stiffness reduction.
Fig. 7 proves that the stiffness reduction for the twin ellipse (XI),
peanut (XII) and split peanut (XIII) models are very similar. Finally
in Fig. 8 the comparison of the peak and average stiffness reduc-
tions for all different ﬁbre fracture distributions is shown for the
peanut delamination pattern. The trend is that as crack density in-
creases the stiffness decreases although this is not true for the
moderate damage case. This, however, is a result of the cracks
being more evenly distributed and not clustered in the centre. This
creates a stiffer central region which is detected by the inverse
method but offers no increase in structural integrity as it is sur-
rounded by damaged material, resulting in an artiﬁcially high pre-
diction of structural stiffness.
7. Experimental comparison
The experimental comparisons in Fig. 9 illustrate that a replica
model of the observed damage can reproduce the average stiffness
reduction seen in the experiment to within 21%. This shows that a
combination of delaminations and ﬁbre fractures is the dominant
failure mode in tension. The stiffness in Fig. 9 for the idealised
model of peanut shaped delaminations with star pattern ﬁbre frac-
ture cracks is within 12% of the experimental results. This idealised
model validates the work done in the parametric studies and
demonstrates that such a model can be used to replicate impact
damage in tension. It can easily be implemented for any stacking
sequence or number of plies, based upon the delamination diame-
ter obtained from C-Scan.8. Discussion
The results in Table 1 clearly illustrate that delaminations with-
out ﬁbre fracture do not cause any tensile stiffness reduction.
When ﬁbre cracks are present the region with stiffness reduction
is very small unless the ﬁbre cracks are accompanied by delamin-
Fig. 5. Circular delaminations with different ﬁbre fracture crack patterns.
Table 1
Stiffness reductions for all crack patterns and delamination shape combinations studied
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lag effect, which causes a gradual recovery of stresses at some dis-
tance from a stress free surface. The stress recovery due to intra-
laminar (in-plane) shear stresses is relatively slow, as the
characteristic decay length is of the order of the ﬁbre crack length.
In contrast, the recovery due to interlaminar (out-of-plane) shear
stresses is very fast as the characteristic length is of the order
of a ply thickness. This is illustrated by Fig. 10, which shows
that the strain concentration is very local when ﬁbre cracks are
not accompanied by delaminations. Similar observations have
been made experimentally in [8]. The presence of delaminations
eliminates the inﬂuence of the interlaminar stresses in the entire
delaminated area so that only the slow shear lag effect from intra-
laminar stresses remains. This explains how delaminations in-
crease the range of inﬂuence of ﬁbre cracks.A6The plots in Fig. 6b also demonstrate that for quasi-isotropic
lay-ups the model in [13] for modelling tensile stiffness reduc-
tion, which only considers ﬁbre fracture in zero degree plies, is
incorrect. The stiffness reduction for the star distribution is sig-
niﬁcantly higher than for line distribution where only the 0 ﬁ-
bres have ﬁbre fractures, which shows that ﬁbre fracture in plies
of all orientations is signiﬁcant. The model from [13] would
probably still be valid for laminates with a high percentage of
0 plies.
The peanut model was chosen as its delamination pattern is the
closest match to fractography of delaminations for carbon ﬁbre
epoxy laminates observed in the literature, [17,12]. The other
delamination patterns, such as the split peanut and double ellipse,
are still relevant and could be more suitable for laminates made
from different ﬁbre or matrix materials.
Fig. 6. (a) Star and line crack stiffness reduction without delamination and (b) star and line crack stiffness reduction with peanut delaminations.
Fig. 7. Stiffness reductions for three different delamination patterns, all with light ﬁbre fracture crack distributions.
R. Craven et al. / Composites Science and Technology 68 (2008) 2518–2525 2523The effect of crack placement on limiting stiffness reduction for
the moderate damage in Fig. 5 is one that should be noted. It dem-
onstrates that the distribution of the stiffness reduction must be
studied and that the peak and average stiffness values cannot be
relied upon alone. A similar effect, where a region of less damaged
material occurs in the centre, can also be seen in the split peanutA7and ellipse models, Fig. 7. Although this region is less damaged it
does not contribute to the structural integrity of the laminate be-
cause it is surrounded by damaged material. Similar phenomena
have been observed experimentally; see Figs. 17 and 18 in [7].
The comparison between the experiments, the replica model
and the idealised model shows that the fundamental parameters
Fig. 8. Peak and average stiffness reductions for all ﬁbre fracture crack distributions with peanut delaminations.
Fig. 9. Stiffness reductions in actual experiment, FE replica and FE model.
Fig. 10. Shear-lag effects on strain distribution of star ﬁbre fracture crack
distribution with no delamination.
2524 R. Craven et al. / Composites Science and Technology 68 (2008) 2518–2525causing stiffness reduction in tension for impact damage have
been captured. It is probable that the replica could have achieved
a closer match to the experiment had better fractographic images
of the delamination patterns been available, or if matrix cracks
and initial imperfections in the laminate had been included.
These factors contribute to the stiffness reduction although the
effect is likely to be small. It is important to remember that the
experiment is based on results from only one sample due to lim-
ited available data, and more importantly that the aim was to
produce a method of modelling impact damage under tension
load rather than replicating one particular case exactly. To this
end a successful idealised model has been produced that repli-
cates the impact damage stiffness reduction. It can easily be ap-
plied to any lay-up or thickness only requiring knowledge of
the lay-up and the diameter of the delamination area determined
from C-scan, which allows the size of the peanuts to be deter-
mined. The length of the ﬁbre fracture cracks for the star pattern
can be assumed to be approximately 50% of the delamination
diameter [16]. This approach can be tailored to suit a particular
laminate with further investigation using fractographic tech-
niques or with prior knowledge of the typical delaminationA8
R. Craven et al. / Composites Science and Technology 68 (2008) 2518–2525 2525shape and the extent of the ﬁbre fracture cracks in a particular
laminate.9. Conclusion
In conclusion, the important parameters of impact damage un-
der tensile loading have been identiﬁed as ﬁbre fracture cracks and
delaminations in combination rather than simply ﬁbre fracture
cracks. Fibre fracture cracks in plies of all ﬁbre alignments have
been demonstrated to be important rather than just cracks in the
zero degree plies, as previously thought.
An idealised model based on peanut shaped delaminations with
a star pattern distribution of cracks has been developed and has
been shown to provide a good approximation of the behaviour of
impact damage observed in experiments. This model can be pro-
duced with knowledge of only lay-up and delamination diameter
obtained from C-scan, although better results would be obtained
by tailoring the delamination shapes to suit the laminate being
modelled andwith detailed fractographic information about the ex-
tent of ﬁbre fracture cracks within the impact damaged laminate.
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ABSTRACT 
This paper examines the average stress required for a fractured fibre to penetrate the matrix between other 
fibres, to determine the in-plane compressive stiffness of an impact damaged plate with fractured fibres. 
The paper also uses basic prediction of kink band initiation stress to determine whether fibre penetration 
or kink banding would be more likely to occur in impact damaged laminates in compression, in the region 
of the fibre fractures. Initial studies using 2D and 3D models have been conducted suggesting that fibre 
penetration occurs at a stress 10 times lower than fibre kinking would occur, but matrix material 
properties, fibre spacing, fibre waviness are likely to have large influence over the penetration stress, so 
fibre kinking could still occur under some conditions. The Drucker-Prager plasticity model used in the 
analysis was initially explored in a parametric study of plastic deformation of various polymer resins 
under tri-axial stress.  
1. INTRODUCTION 
Impact damage is often considered one of the fundamental problems with composite 
structures, as it degrades the normally excellent in-plane properties of composite 
laminates. Composites are very susceptible to damage because of their sensitivity to 
load in the out-of-plane direction, [1]. The damage caused by impact at low velocities is 
particularly hard to detect because it leaves no visual surface damage while causing 
severe internal damage which can cause the strength of the structure to drop to less than 
half that of an undamaged structure.  
 
In this study the effect of the dominating in-plane feature of impact damage, namely 
fibre fracture, is being considered in compression of a ply. This follows previous work 
conducted on in-plane damage mechanisms in tension, [2]. The aim of this work is to 
gain an understanding of the behaviour of fractured fibres under compression and their 
effect on the local stress field in the impact damage region.  This is a part of a larger 
project to define a homogenised nonlinear model of the mechanical behaviour of impact 
damaged laminates that can be used to represent impact damage in large structural 
Finite Element (FE) models.  
 
In undamaged laminates compressive failure is caused by microbuckling and kink 
banding. This topic has been widely studied over the past forty years, both 
experimentally and analytically, [3]–[4] and more recently using FE models, [5]. In 
impact damaged laminates, delamination and local/global buckling are considered to be 
the main failure modes, again this has been modelled extensively using analytical, 
experimental and finite element methods, [6]–[8]. These studies have looked at 
replicating impact damage either artificially in experiments or using FE models, and 
have replaced the impact damage with single or multiple circular delaminations. While 
these models predict the global buckling load within a 10-15% range of compared with 
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a real impact damage, there is a marked difference between the predicted and observed 
local buckling behaviour of the impact damage, Fig. 1.  
Figure1: Load vs. out-of-plane displacement from experiments, [6] 
This was thought to be due to the circular representation of the delamination rather than 
the peanut shapes that actually occur in real impact. Suemasu [9] attempted more 
realistic shapes with wedge shaped delaminations without success. If delamination 
shape was the only reason for the discrepancy between model and reality the bifurcation 
point, i.e. where the delamination buckling starts, should be much higher for the real 
impact damage as the width of each of the delaminated regions is much smaller. Zeng 
and Olsson [10] approached the problem differently and examined the effect of a single 
circular delamination model with a soft inclusion region representing the damage 
caused by fibre fracture and matrix cracking. The effect on the buckling load was, 
however very limited and did not agree with the experimental observations in Fig.1. 
This suggests that both the shape, number of delaminations and the in-plane damage are 
important to correctly model the compressive failure. The current work is the first stage 
of attempting to accurately model impact damage in compression using Finite Element 
Analysis (FEA).  
2. FRACTURED FIBRE MODEL 
The aim of these models is to gain an understanding of the stress/strain distribution 
within regions of fractured fibres. Then the reduction in compressive stiffness caused by 
these fractures can be quantified and used with a larger homogenised model of impact 
damage and delamination. To determine this information, modelling of individual fibres 
embedded in matrix material is required. Typical fibre fracture cracks would encompass 
hundreds of broken fibres, which is obviously not realistic to model due to 
computational constraints. A smaller number of fibres are modelled to represent a unit 
cell of the larger fibre fracture crack. Simplifications include modelling the fibres as 
perfect cylinders even though in reality they are irregular in cross section. The initial 
fibre spacing is also assumed regular for simplicity of modelling.  
 
The boundary conditions applied have been chosen so that the model replicates a unit 
cell, surrounded by other broken fibres. The displacement is applied along the axis of 
the fibres, the fibres are prevented from moving sideways (in-plane) but are be allowed 
to move out-of-pane, i.e. in the thickness direction of the laminate. The fibres 
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themselves are modelled as linear elastic and assumed not to fail, while the matrix 
material undergoes large plastic deformation, under a triaxial stress state for which the 
Drucker-Prager plasticity model is used, [11]. 
 
To model this phenomenon, and to investigate parameters such as fibre diameter, fibre 
spacing and Drucker-Prager parameters two models have been produced: A Two 
Dimensional (2D) model, Fig. 2a, for parametric studies and a Three dimensional (3D) 
unit cell model, Fig. 2b, to capture the full stress strain distribution of one fibre pushing 
through and deforming the matrix between two other fibres.  
 
Figure 2: a) 2D 3 fibre compression model b) 3D unit cell compression model 
It is also suggested that the fibres could kink rather than push through each other 
forming a chevron shape through the thickness of the laminate, Fig. 3. 
 
Figure 3: Fibre chevron kinking an alternative failure mode 
Rosen [4] derived a formula for compressive strength of composites Equation 1 which 
when divided by an empirical correction factor of 4, is considered good approximation 
of the kinking stress, [12].  
( )fmk vG −= 1σ  (1) 
This would give an approximate kinking stress of σk = 900 MPa, which provides the 
stress at which the fibres supported by an elastic material would buckle, giving an upper 
limit to the stress required for the chevron kinking to occur. A 2D FE model has been 
developed based upon previous kink band models. The model allows kink banding 
and/or fibre push-through to occur, and also investigation of the effects of parameters 
such as fibre spacing, material properties, fibre eccentricity and fibre waviness on the 
failure mode.  
3. DRUCKER-PRAGER MATRIX MODEL 
The stress state within the matrix between the fibres is highly complex due to its triaxial 
nature. The matrix also undergoes large deformations when the fibres push-through, 
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causing plastic deformation of the matrix. This means a simple yield criterion such as 
von Mises’ would not accurately capture the matrix behaviour so a more complex yield 
criterion such as Drucker Prager is required. This model has been successfully used to 
model plastic deformation, [11] and has been used in kink band models, [5]. The 
Drucker Prager yielding model is fully implemented within ABAQUS and requires 
three parameters: The angle of friction, β which is a measure of the sensitivity of the 
material yield stress to hydrostatic pressure; the dilation angle, ψ which measures the 
compressibility of yielded polymer, and the flow stress ratio, κ which is the ratio of 
compressive/tensile yield strengths.  
 
The parameters β and κ are determined from the yield stresses; in tension σT, shear σS 
and compression σC. The flow stress ratio κ is the ratio of yield stresses giving a value 
between 0.778 and 1.0 where one represents von Mises’ failure surface, i.e. the yield 
stress is the same for tension and compression. ψ is found from the Poisson’s ratio νP 
under plastic conditions as shown by Equation 4. 
( )[ ]( )133tan 1 −= − TS σσβ  using tensile and shear test data (2a) 
( ) ( )[( 113tan 1 +−= − TCTC σσσσβ ]) using tensile and comp test data (2b) 
[ ]( )CS σσβ 31tan 1 −= −  using shear and comp test data (2c) 
TC σσκ =  (3) 
( ) ( )( PP νν )ψ +−= − 12213tan 1  (4) 
Only a limited amount of data required for calculating these parameters for epoxy resins 
was found in the literature. For this reason a parametric study was conducted to 
understand the relationship between β, ψ and κ and the yield stress and plastic Poisson’s 
ratio. ψ and κ showed linear or quasi-linear relationships with their material property 
inputs. β, however, showed a nonlinear behaviour and also proved to be dependent on 
the equation used. The idea behind Equations 2a, b, c is that β can be calculated using 
any two of the yield stresses, but in reality the choice of equation affects the value of β, 
see Fig.4 
 
An FE model of simple cubes loaded in compression and shear under plane stress and 
plane strain was conducted to determine the effect of the different values of β, ψ and κ 
on the material behaviour. The general trend in plane strain was for the compressive 
stress to be higher in the compressive case than in the shear case and for the 
compressive loading to be more sensitive to change in parameters particularly in the 
plane strain condition. ψ was the least significant of the parameters and β the most 
significant, in terms of changing the stress strain behaviour of the cube. 
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Figure 4 Dependence of β on yield strengths and example values of β for different 
epoxies. 
It should also be noted that the model failed to converge for values of β outside of the 
range 15º-65º which would make some of the calculated values of β unusable, so this 
needs to be investigated further on a fibre matrix model to ensure it is not a geometric 
problem. A representative plot of the general trends is shown in Fig. 5, where plane 
stress PS and plane strain PE cases are shown. 

























β=15° PS β=15° PE
β=40° PS β=40° PE
β=65° PS β=65° PE
Figure 5 Compressive stress strain plot for varying values of β plane stress and plane 
strain cases.  
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4. FINITE ELEMENT MODELS 
The FE models were constructed in the ABAQUS 6.6 CAE module and solved using 
the ABAQUS 6.6 Explicit solver. The fibres are linear elastic and assumed not to fail. 
The matrix is assumed to be elastic/plastic and the plasticity is modelled using the 
Drucker Prager material model. The material properties for IM7 fibres and 8551-7 
matrix have been taken from [13] and the parameters for the Drucker Prager model 
calculated as described in section 3 with β determined from Eqn. 2a. 
 
The 2D model boundary conditions are encastre at the far end of the fibre and the 
penetrating fibre is allowed to move in the x-direction only. Due to symmetry only one 
wedged fibre and half of the penetrating fibre are modelled. A velocity is initially 
applied in y-direction to separate the wedging fibres before the penetrating fibre pushes 
through into the matrix in the x-direction again under applied velocity, see Fig. 2a.  
 
The 3D model is based on a unit cell of fibres and matrix, wherever possible 
symmetrical boundary conditions are applied. Encastre (clamped) boundary conditions 
are again used at the opposite end of the unit away from the penetration. Velocities in 
the z-direction are initially applied to the top and bottom edges of the unit cell model in 
the same way they are in the 2D model separating the fibres to allow the third fibre to 
penetrate the matrix, Fig. 2b. Note that motion in the y-direction was prevented on the 
boundaries to simulate the conditions in the interior of a laminate, while motion in the 
laminate thickness direction (z) was permitted, but not enforced except during the initial 
separation phase. 
 
The default 3D stress elements C3D8R for ABAQUS Explicit are used and similarly in 
2D CPE4R are used. The fibres are attached to the matrix material using tie constraints, 
which is partly to simplify the model but also because it has been observed from 
published work that with modern toughened resins cracking along the fibre matrix 
interphase does not appear to occur.  
4.1 Two dimensional single fibre model 
The 2D model is optimised to run on a Pentium 4 with 1GB of RAM. The mesh is 
refined to the maximum capability of the computer (by reducing the number of dof) 
which results in a solution time of 30 – 40 minutes for this model. Consequently, the 
model has been used for a parametric study initially looking at the effects of the 
different equations for calculating β for the Drucker Prager model, which was found to 
cause a minimal difference on the stress strain plot to within 5% using Eqns. 2a or 
2b.This suggests there is a limited effect but the equation used should depend on 
available data and the loading conditions of the material in the model. However, as with 
the Drucker Prager cube models the values of β calculated using Eqn. 2c, the model 
fails to converge suggesting that this equation is invalid.  
 
The other parametric study conducted looked at difference in matrix thickness in the 2D 
model, which represents change in local volume fraction of the matrix. This could be 
due to increased fibre volume fraction in the ply, or the variation in fibre spacing within 
a ply of constant fibre volume fraction, see Fig. 6.  
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Figure 6: Change in matrix thickness 
This shows that the stress required for fibre penetration is only very slightly increased 
for the thinnest matrix thickness. It should also be noted that the model with the thinner 
matrix material failed at a much lower strain, which was due to numerical errors caused 
by large deformation in the elements in the matrix material. The strain is defined for all 
models, as the distance the penetrating fibre has penetrated divided by ten fibre 
diameters i.e. the approximate thickness of a ply see Eqn. 5. 
 
Lu fibreAvg =ε  (5) 
 
where εavg is the average strain apparent in the model, ufibre is the distance the 
penetrating fibre has moved into the matrix and L is the normalising length to calculate 
the strain which is assumed to be ten fibre diameters.  
4.2 Three dimensional unit cell model 
The 3D unit cell model provides a more accurate model of the behaviour of matrix 
deformation and fibre penetration because it can fully capture the tri-axial stress state 
that exists within the matrix. However even on an Intel Core 2 Duo processor with 4GB 
of RAM the solution time is 25 – 30 hours which makes this model infeasible for doing 
a large number of runs in a parametric study. The other problem with this model is that 
excessive deformation of the elements describing the matrix material causes numerical 
errors and failures in the model. This means that the results for the 3D model have not 
advanced as far as the results for the 2D model, and the initial results are not a realistic 
measure of the stress because the fibre has yet to penetrate sufficiently so that the fibre 
comes into contact with matrix across the entire width of the fibre. In the current initial 
analysis the contact area between fibre and penetrating matrix is low so that the average 
stress resulting from matrix yielding is severely underestimated. Fig.7, shows the plastic 
strains in the matrix as the fibre penetration commences. The fibres are modelled as 
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linear elastic hence show no plastic strain. The cupping in the matrix caused by the two 
fibres in unit cell being split apart can be clearly seen in this figure. This is what 
prevents an even contact with the flat bottom surface from occurring. 
 Figure 7: Plastic strain in matrix of deformed 3D unit cell model. 
As with the 2D models the stress is the average value taken at the top end of the 
penetrating fibre and averaged over the area of the unit cell, while the strain is the end 
displacement divided by reference length L= 10 fibre diameters. The actual value in a 
laminate would be double as the wedged fibres would also be penetrating matrix 
material surrounding the penetrating fibre in this model. This was not included in this 
model to simplify the problem and reduce the number of elements in the model.  
 
4.3 Two dimensional fibre cluster model 
The two dimensional fibre cluster model is a larger version of the 2D single fibre 
model, with 10 fibres with symmetrical boundary conditions applied to the top and 
bottom of the model, (to replicate the model being part of a larger cluster). The length of 
the fibres is also much longer (100 fibre diameters), as this is the length required for 
kink bands to form, [5].The penetrating fibres are also a cluster identical to the cluster 
on the left hand side, rather than a single fibre as in the previous 2D model, Fig. 8.  
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Figure 8: 2D Fibre cluster model 
The concept of this model is to determine whether fibre kinking, chevron kinking or 
penetration is likely to occur, for the ideal fibre spacing used in the 2D model. A follow 
up study to this work will consist of a parametric study looking at irregular spacing of 
the fibres, Fig. 9a and different matrix materials, as well as Eccentricity of the broken 
fibres, Fig. 9b, irregularity of the fibre fracture crack surface, Fig. 9c and the initial 
waviness of the fibres represented in the form of a periodic sinusoidal wave.  
 
Figure 9: a) Irregular fibre spacing b) Fibre Eccentricity c) Fracture surface irregularity 
5. CONCLUDING REMARKS 
In conclusion this study is looking at a possible failure mode for impact damage 
composites that has not yet been considered in the literature, to the best of the authors’ 
knowledge. The behaviour of the matrix material requires a fairly complex model which 
needs the input parameters to be carefully calculated and understood. The 2D models 
have produced reasonable results and are suitable for conducting parametric studies 
with relatively quick solution times, although a larger fibre cluster model would be 
required to capture all aspects of the failure mode and to consider the possibilities of 
fibre kinking or fibre chevrons. The 3D model should capture the stress strain 
relationship more closely than the 2D models but the large deformations in the matrix 
result in numerical instabilities causing the model to fail prematurely which needs to be 
addressed. Further refinement and parametric studies also need to be conducted, 
including consideration of friction and cohesive elements to allow for fibre matrix 
debonding.  
ACKNOWLEDGEMENTS 
This project is funded by EPSRC in UK under grant GR/T18783/01 with CASE support 
from Airbus UK. The authors would like to thank Dr. Jesper Ankersen for advice on FE 
modelling and Mr. Shashikant Pindoria for working on the models as part of a MEng 
final project in the Department of Aeronautics at Imperial College London.  
Richard Craven A18 Imperial College London 
In Proc. 13th European Conference on Composite Materials  
ECCM13 Composites for sustainable development 
nd th2  – 5  June 2008 Stockholm, Sweden.  
REFERENCES  
 1- Davies, G. A. O. and Olsson, R., "Impact on Composite Structures", The 
Aeronautical Journal, 2004;108(1089):541-563. 
 2-  Craven, R., Sztefek, P., and Olsson, R., "Investigation of Impact Damage in 
Multi Directional Tape Laminates and its Effect on Local Tensile Stiffness", 
Composites Science and Technology, 2008; Submitted for publication.  
 3- Fleck, N. A., "Compressive Failure of Fibre Composites" in Advances in 
Applied Mechanics, Academic Press, 1997:43-119. 
 4- Rosen, B. W., "Mechanics of Composite Strengthening", in Fibre Composite 
Materials: Papers presented at a Seminar of the American Society for Metals 
October 17 and 18, 1964, American Society for Metals, 1965:37-75. 
 5- Vogler, T. J., Hsu, S.-Y., and Kyriakides, S., "On the initiation and growth of 
kink bands in fibre composite. Part II: analysis", International Journal of Solids 
and Structures, 2001;38(15):2653-2682. 
 6- Olsson, R., Asp, L. E., Nilsson, S., and Sjögren, A., "A Review of Some Key 
Developments in the Analysis of the Effects of Impact Upon Composite 
Structures" Composite Structures: Theory and Practice ASTM STP 1383, 
ASTM, 2000;12-28. 
 7-  Shivakumar, K. N. and Whitcomb, J. D., "Buckling of a Sublaminate in Quasi 
Isotropic Composite Laminate", Journal of Composite Materials, 1985;19(1):2-
17. 
 8-  Suemasu, H., Kumagai, T., and Gozu, K., "Compressive Behaviour of Multiply 
Delaminated Composite Laminates Part 1: Experiment and Analytical 
Development", AIAA Journal, 1998;36(7);1279-1285. 
 9-  Suemasu, H., Sasaji, W., Aoki, Y., and Ishikawa, T., "Compressive Behaviour of 
Impact Damaged Laminates", 16th International Conference on Composite 
Materials, ICCM 16, Kyoto, Japan, 2007:1-8. 
 10- Zeng, L. and Olsson, R., "Buckling Induced delamination Analysis of 
Composite Laminates with Soft Inclusion", FOI-R--0412--SE, FOI, Stockholm, 
2002:1-34. 
 11- Dean, G. and Wright, L., "An Evaluation of the use of finite element analysis for 
predicting the deformation of plastics under impact loading", Polymer Testing, 
2003;22(6):625-631. 
 12-  Fleck, N. A. and Shu, J. Y., "Microbuckle Initiation in Fibre Composites: A 
Finite Element Study", Journal of the Mechanics and Physics of Solids, 
1995;43(12);1887-1918. 
 13- Pinho, S. T., Darvizeh, R., Robinson, P., Schuecker, C., and Camanho, P. P., 
"Material and structural response of polymer-matrix fibre-reinforced 




Richard Craven A19 Imperial College London 
Composites Science and Technology 69 (2009) 586–593Contents lists available at ScienceDirect
Composites Science and Technology
journal homepage: www.elsevier .com/ locate /compsci techFinite element study of compressively loaded ﬁbres fractured during impact
R. Craven *, S. Pindoria, R. Olsson 1
Department of Aeronautics, Imperial College London, South Kensington, London SW7 2AZ, UKa r t i c l e i n f o
Article history:
Received 6 October 2008
Received in revised form 28 November 2008
Accepted 30 November 2008





B. Stress strain curves
C. Finite element analysis (FEA)0266-3538/$ - see front matter  2008 Elsevier Ltd. A
doi:10.1016/j.compscitech.2008.11.034
* Corresponding author. Tel.: +44 (0) 20 7594 5087
E-mail address: r.craven06@imperial.ac.uk (R. Crav
1 Present address: Swerea SicompAB, Box 104, SE-43a b s t r a c t
This paper examines the compressive behaviour of plies with ﬁbres previously fractured during impact.
The analysis is conducted using ﬁnite element (FE) modelling in ABAQUS 6.7. Two- and three- dimen-
sional models are used to consider the possibility of ﬁbre penetration and ‘‘brooming” of fractured ﬁbres,
or ﬁbre buckling. A parametric study of the inﬂuence of the input parameters of the Drucker Prager plas-
ticity model was also conducted, to enable a better understanding of the model. This was used to capture
the triaxial stress state in the matrix surrounding the ﬁbres. The results suggest that ﬁbre buckling is
more likely to occur due to the geometry of ﬁbres and ﬁbre spacing in carbon ﬁbre composites, but ﬁbre
penetration could still occur in regions of low ﬁbre volume fraction.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
One of the greatest weaknesses of composite structures is con-
sidered to be their susceptibility to impact damage, as impact dam-
age degrades the nominally excellent in-plane properties of
composite laminates, reducing the compressive strength by up to
60% compared with the undamaged laminates [1]. Composites
are very susceptible to impact damage because of their sensitivity
to load in the out-of-plane direction [2]. This is coupled with the
fact that damage caused by low velocity impact is particularly hard
to detect as it leaves little or no visible surface damage. In spite of
this impact damage causes extensive internal damage in the form
of matrix cracks, delaminations and ﬁbre fractures, which severely
weaken the structure. This makes impact damage a very serious
problem; consequently robust analytical models are required to
design impact tolerant but efﬁcient structures.
Impact damaged laminates subjected to in service compressive
loading or compression after impact tests (CAI) fail by local/global
buckling and the resulting delamination growth, which propagates
across the specimen. These failure modes have been extensively
modelled by idealising the damage as one or several circular or
elliptical delaminations placed within a laminate. This has been
studied experimentally [3–6]. This effect has also been modelled
using FE or analytical methods [7–12]. Although these models pre-
dict the global buckling load within 10–15% of a real impact dam-
age and there often is a good agreement between experimental and
ﬁnite element results, there is a marked difference between thell rights reserved.
.
en).
1 22 Mölndal, Sweden.
A2predicted and observed local buckling behaviour of the impact
damage, Fig. 1a.
This was thought to be due to the difference in delamination
shape between the circle representing the damage and the lemnis-
cate or ‘‘peanut shapes” that occur in reality [13]. However, if
delamination shape was the only reason for the discrepancy be-
tween model and reality the bifurcation point, i.e. where the
delamination buckling starts, should be much higher for the real
impact damage as the width of each of the delaminated regions
is much smaller.
It can be seen from Fig. 1b that impact damage is a very com-
plex interaction between three damage modes; matrix cracking,
delamination and ﬁbre fracture [14]. Whilst the effect of delamina-
tion on compressive strength is clearly understood and well docu-
mented within the literature, the effect of fractured ﬁbres on the
compressive strength of an impact damaged laminate is not. In-
deed as far as the authors are aware the only study to have consid-
ered artiﬁcial ﬁbre fracture is the work by Pavier and Clarke [3,10].
Zeng and Olsson [12] approached the problem differently and
examined the effect of a plate model with a single circular delam-
ination and a central soft inclusion region representing the damage
caused by ﬁbre fracture and matrix cracking. The soft inclusion re-
gion had limited effect and still did not replicate the behaviour of
real impact damage shown in Fig. 1a. This suggests that both the
shape, number of delaminations and the in-plane damage are
important to correctly model the compressive failure. The scope
of this project is to determine the contribution of fractured ﬁbres
to the residual stiffness of a laminate. This will then be used in
an ongoing study of a laminate scale model of impact damage un-
der compression using similar techniques and models to those em-
ployed in a previous study of impact damage in tension [15].0
Fig. 1. (a) Load vs. out-of-plane displacement from experiments [5] and (b) complexity of impact damage [2].
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laminate scale model this work will be conducted at the ply and
micro scale, Fig. 2. This allows for individual ﬁbres to be modelled
surrounded by matrix so the mechanisms governing ﬁbre buckling
or ﬁbre penetration can be captured.
2. Drucker Prager plasticity study
At a microscopic level, the stress state in the matrix surround-
ing the ﬁbres is highly complex due to its triaxial nature; the ma-
trix is also likely to undergo considerable plastic deformation
during ﬁbre penetration. A material model that could capture both
of these aspects within the ABAQUS 6.7 FE code used in this study
was required. For this purpose the Drucker Prager (DP) plasticity
model was chosen. The model was developed in the 1950s to mod-
el soil mechanics in civil engineering problems [16]. It has later
been successfully used to model plastic deformation of resins
[17] and to model the matrix in kink band models of CFRP compos-
ites [18]. The DP model requires three parameters, which can be
calculated from uniaxial material test data. The parameters are
the angle of friction b, which is a measure of the sensitivity of
the material yield stress to hydrostatic pressure, the dilation angle
w, which measures the compressibility of yielded polymer, and the
ﬂow stress ratio j, which is the ratio of compressive/tensile yield
strengths.
The parameters b and j are determined from the yield stresses
in tension rT, shear rS and compression rC. There are three ways of
calculating b depending on which pair of yield stresses that are
used asFig. 2. From laminate to ﬁbres, highlighting the difference between laminate scale
and micro scale modelling.
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The ﬂow stress ratio j, Eq. (2), is the ratio of yield stresses giv-
ing a value between 0.778 and 1.0, where 1.0 represents the von
Mises’ failure surface, i.e. the yield stress is the same in tension,
compression and shear
j ¼ jrC=rT j ð2Þ
w is calculated from the plastic Poisson’s ratio mP, which is mea-
sured the same way as the elastic Poisson’s ratio except on a mate-
rial undergoing plastic deformation. The equation for w is
w ¼ tan1½3ð1 2mPÞ=2ð1þ mPÞ ð3Þ
There is a lack of available data which is required to correctly
calculate the input parameters for failure of epoxy resins in the
DP model. For this reason a parametric study was conducted to
understand the relationship between b, j and w and the yield
stress and plastic Poisson’s ratio. j and w showed linear or qua-
si-linear relationships with their respective material property in-
puts. b, however, showed a nonlinear behaviour and also proved
to be dependent on the equation used, Fig. 3.Fig. 3. Drucker Prager beta parameter results.
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simple test based on the ABAQUS 6.7 validation model for the
DP material model was conducted. This consisted of four cubes
of unit size, with two loaded in compression and two in shear,
where one compressive and one shear cube being loaded in plane
strain and the other pair in plane stress [19]. The general trend was
for the compressive stress to vary more between the plane strain
and plane stress cases than the shear stress, which showed little
difference. Varying w was found to cause the least variation in
results, while varying bwas found to have the largest effect, partic-
ularly in shear. The general trend suggests that as the hydrostatic
pressure increases the compressive yield stress in plane strain in-
creases considerably and the shear yield stress for plane stress
and plane strain both drop considerably. Another important con-
clusion was that models did not converge for b values outside
the range 15–65, meaning that the value of b calculated using
Eq. (1c) is not applicable [19]. Consequently the value of b obtained
from Eq. (1b) was used, based on recommendations in [20].
3. Modelling technique
The ﬁbre/matrix properties used were those of IM7/8551-7, the
dimensions and elastic properties of the ﬁbres can be seen in Table
1, along with the elastic and plastic properties of the matrix [21].
The FE code used for this study was ABAQUS 6.7/Explicit
where the ﬁbres were modelled as linear elastic and the surround-
ing matrix as elastic DP plastic. Tie constraints were used to join
ﬁbre and matrix parts in the models. CPE4R (four node plane
strain) and C3D8R (eight node) elements were used for the 2D
and 3D models, respectively. Contact was deﬁned as penalty stiff-
ness with the value adjusted to minimise penetration while allow-
ing convergence of the model. For the single ﬁbre penetration
models in 3D an analytical rigid solid part was used for the pene-
trating ﬁbre as using a solid linear elastic part caused termination
of the analysis due to problems with the contact. Cohesive ele-
ments were considered for joining the ﬁbres and matrix. However,
this would have added complexity to the model and further in-
creased solution times and was left for a possible future study.
Friction was ignored for the same reason, and also due to the fact
that no value for the coefﬁcient of friction was available.
The bending stiffness (EI) of 2D ﬁbres was obtained by matching
the EI between the 3D ﬁbre and the 2D ﬁbre, which was assumed
to have the same height and a nominal thickness (in order to cal-
culate I). Thus, by adjusting the Young’s modulus of the 2D ﬁbre
E2D; the EI was equated between 2D and 3D cases
E2DI2D ¼ E3DI3D ð4ÞTable 1
Fibre and matrix properties [21].
Material property Fibre Matrix
Elastic modulus E (GPa) E1 276 4.08
E2 19
E3 19
Shear modulus G (GPa) G12 27 1.478
G13 27
G23 7
Failure stress r (MPa) Tensile 99
Compressive 130
Shear 57
Failure strain e (%) Tensile 4.4
Compressive 9.0
Shear 5.1
Poisson’s ratio m m12 0.2 0.38
m13 0.2
Density q (kg/m3) 1790 1272
Diameter d (lm) 5
A2The matrix spacing for the 2D model was determined by mea-
suring the spacing between ﬁbres based on ideal ﬁbre spacing at
a ﬁbre volume fraction of 60%, typical for aerospace prepregs. This
can be seen in Fig. 4 and the effect of varying the matrix thickness
between the indicated maximum and minimum limit is discussed
in the next section. The model meshes were reﬁned to conver-
gence, within the limits of the hardware available.
Where possible, symmetry was used to minimise the number of
elements in a model. For the 2D model this was simply a case of
applying symmetry conditions down the centre line, but in the
case of the 3D model this was more complicated. To enable sym-
metry to be applied a regular hexagonal ﬁbre spacing was consid-
ered, to which symmetry lines were applied to form the smallest
unit cell model possible, see Fig. 5. The idea being that ﬁbres can
only move in the out-of-plane (z-direction) and not in the in-plane
(y-direction) as in reality movement it this direction would be pre-
vented by the undamaged ﬁbres bounding the ends of the ﬁbre
fracture cracks.
4. Single ﬁbre penetration models
The purpose of the single ﬁbre penetration models was to deter-
mine the stress required for a ﬁbre to penetrate the matrix be-
tween surrounding ﬁbres under ideal ﬁbre spacing conditions.
Two models were developed: the 2D (Fig. 6a) model to provide a
computationally efﬁcient model with a solution time of around
30 min for conducting small parametric studies, and a 3D
(Fig. 6b) unit cell model to model the problemmore realistically al-
beit with a signiﬁcant time penalty. The solution time for the 3D
model was around 24 h and for that reason the 3D model was lim-
ited to the ideal case.
Fig. 7 shows the solution process for the 2D single ﬁbre penetra-
tion model, Fig. 7a gives the initial conditions of the ﬁbre and ma-
trix and the penetrating ﬁbre as well as the line of symmetry used
in the model. Fig. 7b shows the ﬁrst stage where a tangential open-
ing velocity is being applied to the ﬁbre, so that there is sufﬁcient
space between ﬁbres for the penetrating ﬁbre to enter. In Fig. 7c
the second stage occurs and an axial velocity is applied to the pe-
netrating ﬁbre and the ﬁbre penetrating the matrix causing the
matrix to plastically deform. Fig. 7d shows the ﬁnal solution show-
ing penetrated ﬁbre and deformed matrix. It should be noted that
the ﬁgures are only a close up of the penetration site and the full
model is much longer than this and that the 3D model simulates
exactly the same process.
The results of the second stage in these models are plotted as
stress strain curves where the strain is determined as the distance
moved by the penetrating ﬁbre divided by the length of the model,Fig. 4. Determining range of matrix thickness for 2D ﬁbre penetration model.
2
Fig. 5. Deﬁnition of unit cell and FE representation of unit cell.
Fig. 6. (a) 2D single ﬁbre penetration model and (b) 3D single ﬁbre penetration model.
Fig. 7. 2D single ﬁbre model: (a) initial conditions, (b) step one ﬁbre opening, (c) step two ﬁbre penetration, and (d) ﬁnal solution with ﬁbre penetrating the matrix.
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of the model.
The average stress is obtained by multiplying the average stress
in the ﬁbre and matrix with their corresponding volume fractions.
The average stress may not be obtained by simply averaging theA23nodal stresses in the ﬁnite element model since the nodes are
not evenly distributed between the ﬁbre and matrix parts.
The true stress rTrue is determined using Eq. (5), which averages
the apparent stress rApparent on the far end of the model with re-
spect to the relative Young’s moduli of the ﬁbre and matrix Ef
590 R. Craven et al. / Composites Science and Technology 69 (2009) 586–593and Em, the ﬁbre and matrix volume fraction of the model vf and vm
and the nodal fractions of the model are nm and nf of the matrix and
ﬁbres, respectively. The nodal fractions are obtained by dividing
the number of nodes for a speciﬁc component Ni with the total
number of nodes N
assume equal strain ef ¼ em ) rf =Ef ¼ rm=Em
rTrue ¼ rf  v f þ rm  vm ¼ rf v f þ vmEm=Ef
 
rApparent ¼ rf  nf þ rm  nm ¼ rf nf þ nmEm=Ef
  ð5Þ
where ni ¼ Ni=N
rTrue ¼ rApparent v f þ vmEm=Efnf þ nmEm=Ef
 
The 3D unit cell model analysis and results were obtained in ex-
actly the same way as the 2D ﬁbre penetration models. Fig. 8a
shows a plot of the results for the 2D ﬁbre penetration models,
with 2D ﬁbre model and three 3D ﬁbre models plotted for compar-
ison. The 3Dmodels plotted are with different round-over radius of
the penetrating ﬁbres, Fig. 8b, although real fractured ﬁbres break
cleanly without rounding. Having a sharp edge on the penetrating
ﬁbre caused problems with the contact algorithm so different radii
of round-over were investigated; Fig. 8a shows the results for var-
ious round-overs. The results show that the initial penetration
stress is unaffected by the round-over but the onset and severity
of strain hardening is signiﬁcantly affected and therefore the
smallest round-over should be used to be as realistic as possible.
While there is insufﬁcient space to discuss in detail and display
the results of all of the parametric studies from the 2D on plots the
main ﬁndings will be discussed here. The main parameters studied
were; matrix material thickness, ﬁbre modulus, matrix strength,
method of determining b and the effect of rounded ﬁbres (see
Fig. 8b for ﬁbre rounding variation), which for the 2D models
was negligible [19]. The effect of matrix thickness was that the ini-
tial penetration stress was similar for the thinner matrix thickness
but the stress quickly increased to 50% higher values than for the
thicker matrix thickness. The effect of matrix strength was found
to be expected, i.e. that the stress varied in proportion to the rela-
tive strength of the material. The result of using Eq. (1a) and (1b) to
calculate the value of b show only a 5–6% difference in stress/strain
results between the models, suggesting that the inﬂuence of b is
not as high as previously thought based on the cube models. Final-
ly there seemed to be minimal difference in the results from mod-
els using carbon ﬁbres compared with those using glass ﬁbres,
suggesting that the matrix strength is the most important factor
for penetration rather than the bending stiffness of the ﬁbre.Fig. 8. (a) 2D and 3D single ﬁbre penetration model stress strain plots showing eff
A25. Multiple ﬁbre cluster models
The single ﬁbre penetration models determined the compres-
sive stress required for ﬁbre penetration under ideal conditions.
The ﬁbre cluster models were developed to determine if ﬁbre pen-
etration would occur under more realistic conditions and the
length of the models for the 2D case were also increased to 200 ﬁ-
bre diameters (fd) to allow for buckling of the ﬁbres rather than
penetration as this was considered to be an option. The length
200 fd was chosen based on typical lengths for kink band models
[18]. The number of elements required to produce 3D models of
200 fd was greater than could be handled by the computers avail-
able so the 3D models were made 20 fd long. The 2D models were
essentially the same as the single ﬁbre models with 10 ﬁbres
joined with nine matrix regions. These were separated into two
sections each 100 fd length that were pushed into each other,
Fig. 9a. The 3D model was very similar, with 5 unit cells tied to-
gether separated into two sections each of 10 fd length, Fig. 9b.
As with the single ﬁbre penetration models, the 2D models solved
much faster (in the order of 6 h) and were used for various para-
metric studies. The 3D case took 72 h to solve and only considered
the ideal geometric case.
The 2D models were used to look at the effect of ﬁbre eccen-
tricity, variation of ﬁbre volume fraction (by varying the matrix
thickness), irregular ends on the fracture surface and rounded ﬁ-
bres. The studies of irregular fracture surfaces, matrix spacing
and ﬁbre round-over were aimed at determining if these features
promoted ﬁbre penetration or not. The conclusions from these
studies were that they did not so they will not be discussed fur-
ther here.
Eccentricity in this instance is deﬁned as the distance between
the centre lines of opposing ﬁbres where an eccentricity of 0 is
where the ﬁbres are perfectly aligned and an eccentricity of 1 is
where the ﬁbre is aligned with the corresponding matrix, Fig. 10.
It was expected that the greater the eccentricity the lower the
apparent buckling stress would be. However this was not the case
as it was shown that eccentricities of 0 and 1 had the highest buck-
ling stress, while the buckling stress for eccentricities of 0.25 and
0.75 were similar and 0.50 was considerably lower. Looking at
the diagrams of the relative eccentricities these results become
obvious. Eccentricities of 0 and 1 are both completely supported
ﬁbre onto ﬁbre, 0.25 and 0.75 are mostly supported by ﬁbres with
some matrix taking the remaining load so will buckle at lower load
as the edge of ﬁbre penetrates into matrix. For the 0.5 case half the
ﬁbre was supported by the matrix allowing penetration of theect of ﬁbre round-over and (b) penetrating ﬁbre variation in round-over used.
4
Fig. 9. (a) 2D ﬁbre cluster model and (b) 3D ﬁbre cluster model.
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gering buckling at a much lower stress.
The results for 200 fd length 2D model were normalised using
Eq. (5), to allow them to be compared with the 20 fd length 3D
models (Fig. 11) and by rescaling to the same ﬁbre volume fraction.
The buckling stresses of the models are obviously different due to
the differences in length, but the elastic behaviour of the two mod-
els is virtually identical, suggesting that the 2D model can accu-
rately model the problem.
6. Analytical buckling comparison
Having established that ﬁbre buckling rather than ﬁbre penetra-
tion is likely to occur, Euler (Eq. (8)) and Timoshenko (Eq. (9))
buckling theories [22] were used to determine analytical compar-
isons to the FE predictions of the buckling stresses. Both analyticalFig. 10. Results for varying ﬁbre eccen
A25models assumed that the ﬁbres and matrix could be represented as
a homogenised beam of the same dimensions with smeared prop-
erties of the ﬁbre and matrix, which were calculated using the rule
of mixtures equations Eqs. (6) and (7).
E ¼ vm  Em þ v f  Ef ð6Þ
1=G ¼ vm=Gm þ v f =Gf ð7Þ
rE ¼ PE=A ¼ p2EI=ð4AL2Þ ð8Þ
rB ¼ rE=½1þ rE=ðKGÞ ð9Þ
where E, I and A are Young’s modulus, second moment of area and
cross sectional area, respectively. L is the length, G is the shear mod-
ulus, rE is the Euler buckling stress and K is a shear factor, which in
the present case of a rectangular cross section is K = 5/6.
The model assumes that the two halves of the fractured ply can
be modelled as beams with one end ﬁxed and one end free at the
ﬁbre fracture crack surface. The results are shown in Fig. 12 and
show some correlation for the 2D case while still signiﬁcantly over-
estimating the failure stress, although the buckling stress in this
model is much higher than for a single ﬁbre of the same length.
The 3D models shows very poor correlation which probably is
due to the aspect ratio being 2:1 (due to the restrictions on the size
of the model) which results in the FE model exhibiting ﬁbre bend-
ing and matrix shearing rather than a buckling failure. At this
length though the buckling stress of a single ﬁbre provides a much
more suitable lower bound prediction for the buckling stress. The
main reason for the disagreement between the FE analysis and
the analytical buckling predictions seems to be the spreading of
the contacting ends which generates bending prior to buckling,
which is exacerbated by the eccentricity (offset) between the two
parts.
7. Conclusion
In conclusion a study has been conducted into the effect of ﬁbre
fracture on impact damage regions under compression using 2D
and 3D ﬁnite element models. The ﬁndings of these models are that
while the stress for penetration of a ﬁbre into matrix under ideal
conditions is lower than the buckling stress of a cluster of ﬁbres,
the geometry of the ﬁbres at ﬁbre volume fractions typical in aero-
space composites prevents ﬁbre penetration from occurring. Fibretricity in 2D ﬁbre cluster models.
Fig. 11. Results plot for ﬁbre cluster models using normalised results, (eccentricity 1.0 for 2D FE model and 0.0 for 3D FE model).
Fig. 12. Analytical buckling values FE models comparison, (eccentricity 1.0 for 2D FE model and 0.0 for 3D FE model).
592 R. Craven et al. / Composites Science and Technology 69 (2009) 586–593penetration could, however, still occur in resin rich reasons such as
voids, ply boundaries and in laminates with much lower ﬁbre vol-
ume fractions. The elastic behaviour of the models suggests that
the 2D model captures the behaviour of the problem as well as the
3D model does, meaning that the simpler and more efﬁcient 2D
model is valid for parametric studies. The analytical bucklingmodels
show some agreement for the 2D case but for the 3D case the agree-
ment is very poor due to the low aspect ratio of the 3Dmodel. These
results are currently implemented into an FE study on compression
of multiple realistic delaminations with ﬁbre fracture cracks.
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BUCKLING OF A LAMINATE WITH REALISTIC 
MULTIPLE DELAMINATIONS AND FIBRE FRACTURE 
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This paper presents a finite element study of buckling and postbuckling of sub-
laminates representative of an impact damaged laminate. Multiple realistic 
delaminations and fibre fracture cracks are considered under compression to identify the 
key parameters of impact damage that affect the residual compressive strength of the 
laminate.
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INTRODUCTION 
Composites are used extensively for their high strength, stiffness and low density, 
compared to metals. This makes them particularly attractive to the aircraft industry 
which is using 50% composites by weight on the new Airbus A350. The caveat with 
composite structures is their susceptibility to damage in the out-of-plane direction, 
which can cause extensive internal damage even at low impact energies, leaving little or 
no sign of damage on the surface of the structure [1]. This damage can lead to 
significant reductions in strength and stiffness of up to 60% compared to undamaged 
material, [2]. 
There have been many studies over the past 30 years that have looked at the effect of 
impact damage loaded in compression using; analytical, [3]-[5], experimental, [6]-[8] 
and FE techniques, [9]-[11]. While these studies have achieved good correlation 
between models and experiments and can predict the buckling load to within 10-15% 
they are unable to capture the local buckling behaviour of the impacted region. Circular 
sublaminates do not buckle in the same way as real impact damage, so the buckling 
behaviour of the sublaminates is noticeably different. One possibility that was 
considered in [10] was that the earlier models did not consider the effect of fibre 
fracture and matrix cracking in the impact damaged region. An attempt in [10] to model 
this with a softened region proved unsuccessful and a later study showed that the 
expected brooming effect of the fibres was unlikely to occur, [12].  Another possibility 
is the fact that the delaminations modelled in most studies have been simple geometries, 
namely circular or elliptical, compared to the complex stack of peanut shapes that occur 
in actual impact damage Fig. 1a and 1b.  To the best of the author’s knowledge, the only 
attempt to model sublaminate buckling with more realistic delaminations is Suemasu, 
[11].  
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Figure 1a) 2D C-scan of impact damage, [13] b) 3D C-scan of impact damage, [13] c) 
Computer generated model of idealised delaminations. 
The aim of this work is to model multiple delaminations with realistic delamination 
shapes Fig. 1c, include fibre fracture cracks and study the effect of lay-up, delamination 
size and shape and fibre fracture cracks. This work follows on from the study of impact 
damage in tension, [14] and includes the findings of the micromechanics study of 
fractured fibres under compression in the modelling of fibre fracture cracks, [12], [15].  
MODELLING TECHNIQUE 
FE modelling is conducted using ABAQUS 6.8/Standard, a commercially available 
implicit FE code. The models replicate the standard Boeing CAI test specimen size of 
154 mm by 100 mm. The carbon fibre epoxy pre-preg modelled is IM7/8551-7, the 
properties are; E11 = 165 GPa, E22 = E33 = 8.4 GPa, G12 = G13 = 5.6 GPa, G23 = 2.8 GPa, 
ν12 = ν13 = 0.34 and ν23 = 0.5. Four different laminate lay-ups are modelled, each of 
which is a, balanced, eight ply, quasi-isotropic (QI) laminate, with a total thickness of 
1 mm. The stacking sequences are; (0º/+45º/-45º/90º)s, (+45º/90º/0º/-45º)s, (-
45º/90º/+45º/0º)s and (90º/0º/+45º/-45º)s.  
The models are constructed from individual plies that are constructed of C3D20 
elements, a 20 node quadratic brick element. The plies have one element through the 
thickness and between 500 and 2500 elements across the surface of the ply, depending 
on the complexity of the geometry that is being modelled. The mesh is generated using 
the hex-dominated, advancing front algorithm within ABAQUS, based on local seeding 
to enable a much refined mesh where it is required around the damage region and a 
coarser mesh elsewhere.  
The delaminations have different shapes depending on whether they are for the thin film 
models with a single sublaminate, Fig. 2a or for multiple delaminations Fig. 2b. The 
thin film delamination were chosen to match those in, [3] and the multiple 
delaminations with more realistic delamination pattern are taken from [14] and designed 
to be a closer match to real impact induced delaminations.  
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Figure 2a) Delamination and crack patterns for single delamination models b) 
Delamination and crack patterns for multiple delamination models 
The delaminations were also modelled in three different sizes 10 mm, 20 mm, and 
30 mm to determine the effect of size on buckling load. To construct the delamination, 
the delamination is drawn onto the top surface of the ply as a sketch, which is then 
extruded through the ply to create a constant section through the thickness of the ply to 
allow for uniform meshing of the ply. This process is the same regardless of the shape 
of the delamination.  
The plies are tied together using the tie constraint within ABAQUS, as delamination 
growth is not considered in this work, where the focus is on the effect of different 
damage parameters on delamination buckling. The tie constraint could easily be 
replaced by cohesive surfaces or cohesive elements if delamination growth was 
required. Surfaces are defined on the ply faces so that all the ply face apart from the 
delaminated region is included. This means that the plies can be tied together leaving 
only the delaminated regions unconnected.  
The boundary conditions (BC) applied to the models, Fig. 3a, are designed to simulate 
idealized compression after impact (CAI) conditions with global buckling of the plate 
prevented and only local buckling of the damage region allowed. The bottom edge is 
constrained in the loading (y-direction) but free to move in the x-direction to allow for 
Poisson’s effects. The top edge has a compressive displacement applied which equates 
to 1% applied compressive strain, increasing linearly from 0% initially.  
 
 
Figure 3 a) Boundary Conditions for the FE models, b) Contact locations for the 
multiple peanut delamination models.  
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To enable the delaminations to buckle when the compressive load is applied, an initial 
pressure force is applied to the surface of the delaminations to cause a local numerical 
instability in the model, ensuring buckling will occur under compressive load. This is 
similar to the technique applied in [11], where a force was applied to a point or a line. It 
was, however, found that the results were unaffected by an applied pressure whereas the 
results were sensitive to an applied point force.  
Contact is applied between all delamination surfaces of the models, as shown in Fig. 3b, 
these were prescribed master and slave surfaces between each pair of contacting 
surfaces and the Augmented Lagrange contact algorithm was used to model the contact. 
A few iterations were required to determine the correct contact parameters to achieve 
convergence. With fibre fracture cracks introduced into the models, the contact problem 
becomes much greater; the cracks are modelled as highly elongated elliptical cut outs 
[14]. This means that contact must be added to these two crack faces as well to prevent 
interpenetration of the crack surfaces when loaded in compression. The cracks have 
been modelled as cracks rather than softened regions based on the findings in [12]. 
These cracks are placed perpendicular to the fibre direction of the ply where they are 
located. This gives the line pattern shown in Fig. 2a, for the single delamination models 
and the star pattern for multiple delaminations, Fig. 2b.  
THIN FILM MODELS 
The main purpose of the thin film models is to act as preliminary or development 
models, to determine the best modelling and solution techniques for the more complex 
and realistic multiple delamination models. Consequently problems with meshing, 
contact, buckling initiation and fibre fracture cracks can be addressed in simpler models 
before being applied to more complex models.  
The models are also much faster to solve taking only 4 to 6 hours on the High 
Performance Cluster (HPC) at Imperial College London, utilising 1 CPU with 4GB of 
RAM.   
The other purpose of these models is to check the accuracy of the FE models compared 
with existing analytical solutions such as [3] which are available in the literature and 
have been frequently cited.  
These thin film models have a sublaminate consisting of a single ply, with either an 
elliptical or circular delamination, in one of three diameters (diameter equates to major 
axis for the ellipse) 10 mm, 20 mm or 30 mm.  
 
Figure 4 Delamination orientation and position for thin film models 
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The ellipses have an aspect ratio of 2:1. Four fibre orientations are considered for the 
different ply lay ups.  In the case of the ellipses the major axis is orientated along the 
fibre direction of the sublaminate, Fig. 4. The findings of these models will be discussed 
in the results section.  
MULTIPLE DELAMINATIONS 
Impact damage cannot be successfully modelled using a single delamination, or even 
with multiple circular delaminations. Thus, these models expand on the fan shape 
delaminations in [11]. The idea being that more realistic delaminations should mimic 
the behaviour of real impact damage more closely. 
These models have seven delaminations per model, i.e. one at each ply interface; there 
have been several studies that suggest that delaminations do not occur between plies of 
the same orientation, although other studies do [16]. Delaminations have been included 
between all plies in these models for ease of modelling, although no significant 
difference in results was found for a test case run with and without delamination 
between plies of the same orientation.  
In terms of computational requirements these models are much more demanding 
requiring runs of 24-30 hours using 4 CPU’s and 16GB of RAM. Consequently the 
number of models that can be run is limited. For this reason the reference case model in 
this study is considered to be a 30 mm peanut without cracks and a (0º/+45º/-45º/90º)s 
lay-up. This is the reference case which other damage models will be compared too and 
only one parameter will be changed at a time, so for instance for lay-up all models 
compared will have 30 mm peanuts without cracks and only the lay-up will change.  
The parameters that have been investigated in this manner are; delamination shape, 
delamination size, lay-up, and the fibre fracture cracks idealized in a star pattern, as this 
was found to be the worst case scenario in [14].  
 
Determining Stiffness Reduction 
In order to determine the stiffness reduction from these models the stiffness reduction 
was quantified using the inverse method in [17]. This method takes the displacement 
field from the front and back plies of the model outside the delamination zone at 
different applied strains and uses the information to determine membrane (in-plane) 
displacements.  
The membrane displacements are then matched to the strain field on a simple shell FE 
model where the damaged region is replaced by a homogenous soft inclusion. The 
material properties of the soft inclusion namely, Young’s modulus E and Poisson’s ratio 
ν are changed using an iterative process called the steepest descent gradient method in 
order to match the displacements from the detailed FE model and the soft inclusion 
model. This then gives the reduction in E and ν from which the stiffness reduction is 
calculated. The average stress and strain in the soft inclusion with converged properties 
E and ν are finally used to generate a nonlinear stress-strain curve. 
RESULTS 
This section provides an overview of the result trends for both the thin film and multiple 
delamination models and gives more detailed explanations and graphs for particular 
cases.  
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Thin Film Delamination Results 
For the sake of brevity only the results of the circular delaminations with different fibre 
orientations will be discussed in detail. The results from these models can be seen in 
Fig. 5, which shows the maximum out-of-plane displacement against applied strain for 
different sublaminates. It also shows the distribution of out-of-plane displacements in 
the sublaminate at different applied strains to show how the delaminations develop and 
the buckling modes change.  
 
Figure 5 Applied compressive strain vs. OOP deflection for circular thin film 
delaminations.  
The results show that there is an increasing sublaminate deflection for all the laminates 
with the zero degree showing the biggest buckle and the 90 degree the smallest as it has 
several ripples rather than one large buckle. These results also agreed well with the 
analytical results using the Rayleigh-Ritz (R-R) model from [3]. The difference between 
models and R-R is likely to be caused by over prediction of the buckling load by the 
R-R due to the limited number of terms used. In most cases (except for 90º 
sublaminates) the buckles involved one mode, which grew in amplitude but narrowed in 
length as the applied strain increased. In some cases these buckles switched to a second 
mode at the highest strains, Fig. 5. The elliptical sublaminates exhibited the same 
behaviour although the buckle was confined to the widest part of the ellipse and the 
narrow ends tended to show no buckling, or very limited buckling, at higher buckling 
modes. 
Multiple Delamination Results 
The multiple delamination models in this paper have been used to consider the effect of 
four different damage parameters on the residual stiffness of the laminate. These are 
lay-up, delamination shape, delamination, size, and fibre fracture cracks. The general 
trends of lay-up and delamination shape will be discussed in the text, and the effect of 
delamination size and fibre fracture cracks are demonstrated on graphs and will be 
discussed in more detail.  
All the results have been plotted as the equivalent local average compressive stress, 
against the equivalent local average compressive strain of the impact damage region. 
This plot is compared with a plot for the undamaged material which displays linear 
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behaviour. The plots for the impact damaged regions show linear behaviour up to 
buckling and then nonlinear behaviour after buckling has occurred. 
In the case of delamination shape, two different shapes are considered twin ellipse and 
peanut, Fig 2. The results show that the peanut delaminations buckle at a much lower 
strain and have a much lower stiffness compared with the twin elliptical models. At 1% 
applied compressive strain the peanut delamination shows a 65% stiffness reduction 
compared with the undamaged material, as opposed to a 40% reduction for the twin 
ellipse model. This is believed to be due to the twin ellipse having a non delaminated 
core which means that two smaller local buckles have to form, which have higher 
buckling strain compared with the large single buckle of the peanuts.  
The effect of different lay-ups is much less pronounced, with less than 10% difference 
in the stiffness reduction between the lay-ups, although this is still around a 60% 
stiffness reduction compared to the undamaged material. The lay-ups that show least 
reduction seem to have the 0º closer to the mid plane, suggesting that it is the buckling 
of the major load bearing plies that has some effect on the overall stiffness reduction. 
 
Figure 6 Effect of delamination size on stiffness of impact damage region loaded in 
compression 
The effect of delamination size on the stiffness of the impact region is shown in Fig. 6. 
As expected, the results show that the buckling of the damage region starts at increasing 
levels of strain the smaller the diameter of damage. Furthermore, the larger the 
delaminations the lower the residual stiffness compared with the undamaged material. 
The cross section views are taken through the mid-plane vertically, so the top 
delamination is full length of the zero degree sublaminate buckled peanut, and only the 
mid section for other peanut delaminations are visible in this cut. They also show the 
sequence of buckling, where the 10 mm only undergoes local sublaminate buckling, the 
20 mm model starts to buckle globally within the damage region, and the 30 mm sample 
shows initial local buckling of sublaminates which is mostly suppressed by the global 
buckling of the damaged region. 
Figure 7 shows the effect of introducing fibre fracture cracks into the impact damage 
region. The overall stiffness reduction is not significantly influenced, as the reduction at 
one percent applied compressive strain is 71% with fibre cracks compared with 65% 
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without fibre cracks. The behaviour of the damage region changes, however, as the 
presence of cracks means that the damage region is degraded even at very low strains 
and no longer follows the linear behaviour of the undamaged material up to initial 
buckling. 
 
Figure 7 Effect of fibre fracture cracks on stiffness of impact damage region loaded in 
compression 
The other important difference in behaviour is the change in buckling mode, which has 
gone from a typical mode two buckle, to a sharper chevron shaped mode one buckle, 
where the fibre fracture cracks cause the plies to behave like individual plies butted 
against each other and buckling together rather than a single plate, Fig 8. The fact that  
 
 
Figure 8 Influence of fibre fracture cracks on buckling behaviour 
the fibre fracture cracks are implemented in a star crack pattern, an idealised severe case 
of fibre fracture, will mean that the influence on the buckling behaviour of the fibre 
fracture cracks is exaggerated, as cracks of equal orientation appear on to of each other. 
Nevertheless, it still shows that fibre fracture cracks influence the buckling behaviour, 
so that fibre fracture cracks need to be included in the models in order to correctly 
model the behaviour of impact damaged regions under compressive loading.  
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CONCLUSION 
In conclusion the study has led to the development of a an FE model of impact damage 
loaded in compression which can be used to determine the effects of many different 
damage parameters, including multiple delaminations with realistic size and shape and 
idealised fibre fracture cracks. The results have clearly shown the effect on the stiffness 
reduction of impact damage regions for four different damage parameters; lay-up, 
delamination shape and size and the presence of fibre fracture cracks.  
The effect of delamination shape is the most significant with twin elliptical 
delaminations reducing the stiffness compared with undamaged material much less than 
the peanuts. This is believed to be due to the central non-delaminated region in the twin 
ellipse model, raising the buckling strain and stiffness of the impact damaged region 
considerably. The lay-up seems to be less significant for the residual stiffness with some 
small variation between the lay-ups, which seems to be caused by the ability of the zero 
degree sublaminates to buckle locally. Delamination size has an obvious effect, with 
larger delamination sizes causing more significant stiffness reductions. This is due to 
the onset of global buckling of the impact damage region occurring at lower strains for 
larger delaminations. Fibre fracture cracks only have a small influence on the stiffness 
in compression unlike in tension. They do however change the buckling behaviour of 
the laminate considerably and need to be included in a model to replicate the behaviour 
of impact damage accurately. 
There is work still to be done on this study, which includes considering the effects of 
matrix cracks on ply behaviour, considering the effects of the damage distribution 
through the thickness of the laminate and finally trying to replicate a real impact and 
buckling load from coupon tests to validate these models.  
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This paper presents a ﬁnite element model of a carbon ﬁbre composite laminate with multiple delamin-
ations of realistic shape and including ﬁbre fracture cracks loaded under compression. The modelling
technique is initially applied on circular and elliptical delaminations of single ply sublaminates, which
are compared with existing analytical solutions. The techniques are then applied to models with multiple
delaminations of realistic shape and their behaviour in buckling and post-buckling is captured. An inverse
method is used to determine the stiffness reduction caused by the damage, and shows signiﬁcant stiff-
ness reduction caused by peanut shaped delaminations. When ﬁbre fracture cracks are added, their con-
tribution to further stiffness reduction is minimal but they have some signiﬁcant effects on the buckling
shapes.
 2010 Elsevier Ltd. All rights reserved.1. Introduction inations have been produced using FE in many studies [15–20]. AsComposites are used increasingly for their high strength and
stiffness in combination with low density, particularly in the air-
craft industry where aircraft such as the Boeing 787 and upcoming
Airbus A350 make extensive use of composites, e.g. of up to 50% by
weight in the case of the A350. The caveat with laminated compos-
ite structures is their low out-of-plane strength and the resulting
susceptibility to damage due to impact loading even at low impact
energies, which cause barely visible or no apparent damage on the
surface of the laminate [1]. This damage can lead to signiﬁcant
stiffness and strength reductions of up to 60% under compressive
loading [2]. While this damage is a complex interaction of matrix
cracking, delamination and ﬁbre fracture the dominant damage
mode causing failure in compression is delamination [3]. This is a
well known phenomenon and one that has been extensively stud-
ied, using experimental, analytical and computational techniques
over the past 30 years.
Experimental studies of artiﬁcial damage have been conducted
by inserting Teﬂon ﬁlms to create either single or multiple delam-
inations through the thickness of the laminate [4–7]. Most of these
delaminations have been circular although [4] used rectangular
delaminations. Analytical models initially focused on thin ﬁlm
delamination models with a single sublaminate [8–10] and were
used to predict delamination growth [11,12]. More recently they
have also been used to predict the buckling of multiple delamina-
tions [13,14]. Computational models of single and multiple delam-All rights reserved.
en).with the experimental models most of the analytical and computa-
tional models have focused on circular or elliptical delaminations.
Although these models often provide a reasonable agreement be-
tween experimental and computational buckling loads, there is a
marked difference between the predicted and observed local buck-
ling behaviour of the impact damage [7]. Without capturing the
buckling behaviour, the post-buckling behaviour and damage
growth cannot be correctly modelled.
One possible cause for this difference in behaviour between
artiﬁcial and real impact damage is the fact that artiﬁcial circular
delaminations are much simpler than the lemniscate or ‘‘peanut”
shaped delaminations encountered in reality. The shape of delam-
inations in real impact damage zones is illustrated by the C-scan
images in Fig. 1a and b and the idealised computation model in
Fig. 1c. Attempts to model more complex and realistic delamina-
tion shapes are scarce and have been based on spiral arrays of
fan shaped delaminations [21,22]. Apart from the issue of delami-
nation shapes another possible cause for differences between mod-
els and reality is that fractured ﬁbres provide a region of local
stiffness reduction. This was represented by a soft inclusion region
in [23] but did not seem to have a signiﬁcant effect. The effect of
matrix cracking and ﬁbre fracture has also been modelled explic-
itly in [24] using Hashin’s failure criteria combined with instanta-
neous stiffness degradation. This appeared to improve the accuracy
of the model relative to the experiment, but only single circular
delaminations were considered.
The behaviour of fractured ﬁbres at a micromechanics level was
considered in detail in [25] where it was concluded that the ﬁbre
fracture cracks are more likely to act as free edges, causing a local
Fig. 1. (a) 2D C-scan of impact damage [20]. (b) 3D C-scan of impact damage [20]. (c) Computer generated idealised model of delaminations.
R. Craven et al. / Composites: Part A 41 (2010) 684–692 685kink in the buckling shape rather than as a softened region where
the ﬁbres broom and intersect.
These ﬁndings suggest that the number, shape and size of del-
aminations are important and that complex delamination shapes,
such as peanuts, should be modelled along with the inclusion of ﬁ-
bre fracture cracks, as was done in previous work on impact dam-
age under tensile loading [26].
The focus of this paper is to develop a 3D FE model that has
multiple realistically shaped delaminations between plies and in-
cludes ﬁbre fracture cracks. That can be developed in future studies
to identify the key parameters of impact damage under compres-
sive loading and to validate the model against experimental impact
damage by replicating the results.
2. Modelling technique
Finite element modelling is conducted using ABAQUS 6.8/Stan-
dard, an implicit commercially available FE code. The models repli-
cate the standard Boeing CAI test specimen size of 154 mm by
100 mm. The carbon ﬁbre epoxy pre-preg system modelled is IM7/
8551-7 with the following properties: E11 = 165 GPa, E22 = E33 =
8.4 GPa, G12 = G13 = 5.6 GPa, G23 = 2.8 GPa, m12 = m13 = 0.34 and
m23 = 0.5 [27]. The lay-ups are eight ply, balanced, quasi-isotropic
(QI) laminates, 1.0 mmthickwith four different stacking sequences;
(0/+45/45/90)s, (+45/90/0/45)s, (45/90/+45/0)s and
(90/0/+45/45)s.
The lay-ups are constructed as individual parts from C3D20, a
20 node quadratic brick element, the plies have one element
through the thickness and between 500 and 2500 elements per
ply depending on the shape and size of the delamination and
whether ﬁbre fracture cracks are present or not. The mesh is gen-
erated using the hex-dominated, advancing front algorithm, which
is based on local seed placement. This enables a mesh that is much
denser around the delamination region and less dense in the sur-
rounding area to be generated.
The delaminations have several different shapes depending on
whether they are for the thin ﬁlm models with a single sublami-nate, Fig. 2a or for the multiple delamination models, Fig. 2b. For
the thin ﬁlm models the delaminations were chosen to match
those used in analytical models in [8] and the multiple delamina-
tions used more realistic delamination patterns such as those used
in [26] designed to be a closer realisation to impact induced delam-
inations. The delaminations were also modelled in three different
sizes 10 mm, 20 mm, and 30 mm to determine the effect of size
on buckling load. To construct the delamination, the proﬁle is
drawn onto the top surface of the ply as a sketch, that sketch is
then extruded through the ply to create a constant section through
the thickness of the ply, this allows for uniform meshing of the ply.
This process is the same regardless of the shape of the
delamination.
The plies are assembled using the tie constraint command with-
in ABAQUS which allows two surfaces to be joined together and be-
have as one part. The surfaces on each ply are deﬁned so
everything outside the delaminated region is selected; the plies
can then be tied together leaving only the delaminated (untied) re-
gions within the model. Cohesive (interface) elements could be
used instead of the tie command to assemble the laminates, and
this would allow for delamination growth and failure of the lami-
nate to be modelled. However, the aim of this work is to deﬁne the
relative importance of different parameters of impact damage on
the initial compressive behaviour preceding delamination growth
and to understand, when modelling impact damage, what are the
most critical parameters of the damage. Consequently in this mod-
el delamination growth is prevented to enable the initial damage
state to be studied.
The boundary conditions applied to the models, Fig. 3a are de-
signed to simulate ideal compression after impact (CAI) conditions
with an anti-buckling guide to prevent global buckling. The bottom
edge of the ply is constrained in the loading (y-direction) but free
to move in the x-direction to allow for Poisson’s effects. The top
edge has a compressive displacement applied which increases lin-
early from 0% to 1% strain, approximately equal to the compressive
failure strain of the virgin laminate [27]. The front and back faces of
the laminate are prevented from moving in the out-of-plane
Fig. 2. (a) Delamination and crack patterns for single delamination models and (b) Delaminations and crack patterns for multiple delamination models.
Fig. 3. (a) Boundary conditions for FE models and (b) boundaries of contact area for multiple delamination peanut model.
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buckling, which is an idealisation of an anti-buckling guide.
In order for local buckling of the delamination(s) to occur an ini-
tial instability or perturbation has to be applied to the sublaminate,
otherwise it will simply compress without buckling. The most
common method of doing this is to inject a mixture of the mode
1 and mode 2 buckling shape, at a 1% of the maximum buckling
amplitude to create the initial instability for buckling to occur
[28]. This process could, however, not be used in this case because,
when conducting eigenvalue buckling analysis in ABAQUS 6.8, the
contacts imposed on the model are ignored, so physically inadmis-
sible modes are created. Another option was to add a load at a
point or line along the sublaminate to cause the initial imperfec-
tion [20], although this was shown to affect the solution of the
model depending on the location at which the force was applied.
In this work, the method is modiﬁed to apply a uniform pressure
to the surface of the sublaminate causing the initial imperfection.
A sensitivity study was conducted to determine the effect of the
magnitude of the pressure, and the effect on the solution of the
buckling problem. The results suggest that the magnitude had neg-ligible effect on the ﬁnal out-of-plane deﬂection or the buckling
mode provided the magnitude of the pressure was low enough
not to cause element distortion when the pressure is applied.
Contact was used between all delamination surfaces in the
models, i.e. any surfaces on laminates that were not tied together;
Fig. 3b, shows all the boundaries of the contact regions on a multi-
ple delamination model with peanut shaped delaminations. For the
thin ﬁlm delamination models with a single delamination the de-
fault penalty stiffness contact algorithm was sufﬁcient to achieve
a solution. For the models with multiple delaminations conver-
gence required switching to the Augmented Lagrange contact algo-
rithm and using an iterative process to determine the correct
contact parameters to achieve convergence.
Once ﬁbre fracture cracks are introduced into the model the
contact problem becomes much greater. The cracks are formed as
highly elongated ellipses in the same way as in [26], due to the
problem with common nodes in tie constraints. The ﬁbre fracture
cracks are added perpendicular to the ﬁbre orientation of the ply
they are in. With a single delamination they form a line crack pat-
tern, Fig. 2a and with multiple delaminations a star pattern, Fig. 2b.
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than opening. This means contact has to be applied between the
crack faces, to prevent interpenetration of the crack faces. This con-
tact has to be applied while ensuring the deﬁned contact surfaces
have no common nodes which are not permitted in the contact
algorithm. This results in two contact laws, one applied to contact
out-of-plane between the delaminations and the second in-plane
for the ﬁbre fracture cracks.
In order to compare the effect and severity of different delami-
nation patterns and lay-up sequences an inverse method [29] is
used. This method takes the displacement ﬁeld from the front
and back plies of the model outside the delamination zone at dif-
ferent applied strains and uses the information to determine mem-
brane (in-plane) displacements. The membrane displacements are
then matched to the displacement ﬁeld on a simple shell FE model
where the damaged region is replaced by a homogeneous soft
inclusion. The elastic properties of the soft inclusion namely,
Young’s modulus E and Poisson’s ratio m are changed using an iter-
ative process called the steepest descent gradient method in order
to match the displacements from the detailed FE model and the
soft inclusion model. The average stress and strain in the soft inclu-
sion with converged properties E and m are ﬁnally used to generate
a nonlinear stress–strain curve.3. Thin ﬁlm models
The purpose of the thin ﬁlm models is to act as preliminary
models, before the more complex and more realistic multiple
delamination models. Thus, the problems with contact and buck-
ling initiation are solved using single delamination models and
are then applied to the multiple delamination models. The models
are also much faster to solve than the multiple delamination mod-
els, which took 4–6 h on 1 CPU with 4 GB of RAM on a high perfor-
mance cluster (HPC).
Another aim of this study was to provide a bench mark for sub-
sequent comparison with more complex delamination damage,
and to allow evaluation of the accuracy of available analytical
buckling analytical solutions for the thin ﬁlm problems.
The models, as previously mentioned, have circular and ellipti-
cal delaminations, Fig. 2a in three different sizes, with a major axis
of 10 mm, 20 mm and 30 mm. The ratio of major axis to minor axis
is 1:1 for the circles and 2:1 for the ellipses. The delamination is lo-Fig. 4. Compressive strains vs. out-of-plane deﬂection in 0 plicated at the ﬁrst ply interface from the top surface resulting in a
single ply sublaminate. Four ﬁbre orientations are also used for
the sublaminates; these are 0, +45, 45 and 90 and in the case
of the ellipse the major axis is orientated along the ﬁbre direction,
to agree with experimental observations of delaminations in im-
pact damage zones. The boundary conditions and loading regimes
are described in the previous section.
The results of the models for the differently sized delaminations
and 0 ﬁbre orientation in the sublaminates, Fig. 4, show a clear
link between delamination sizes and buckling strain as the buck-
ling strain of the delamination drops when the delamination size
increases from 10 mm to 30 mm.
As expected, the results for the sublaminate ﬁbre orientation
are much more interesting and the buckling shapes for the subla-
minates vary with ply orientation even for the circular case,
Fig. 5. The buckling mode of the 90 sublaminate is particularly
unexpected because rather than buckling in a single wave as the
other sublaminates did, the sublaminate immediately buckles in
two very narrow buckles perpendicular to the load. Similarly for
the buckling of the elliptical sublaminate the buckling modes are
not completely as expected, Fig. 6. While the 0 degree laminate
behaves as expected with a typical single buckle, albeit smaller
than the size of the delaminated region, the 45 case buckles into
two waves and also changes the position of the buckle with
increasing strain, which causes the dip in the plot as the deﬂection
is recorded at one point on the delamination.
In the literature analytical beam type or plate [15] buckling
solutions have been suggested for modelling the buckling of im-
pact damage zones. To examine the validity of such solutions the
FE results were compared with an Euler beam type buckling solu-
tion for wide strips [30] and a Rayleigh–Ritz plate buckling solu-
tion for circular or elliptic sublaminates [8,31]. The original
solution in [8] has later been corrected in an unpublished solution
[31] by Shivakumar, which is included in the Appendix. For conve-
nience the strip solution in [30] is also included in the Appendix. In
all analytical calculations the stiffnesses D11 and A11 were consid-
ered along the loading direction, although it did not coincide with
the principal axes of the ±45 ellipses.
Comparisons between ﬁnite element results and analytical pre-
dictions of buckling strains for circular and elliptical delaminations
with 30 mm major axis are shown in Fig. 7. Similar relations be-
tween ﬁnite element results and analytical predictions were ob-
served for the delaminations with 10 mm and 20 mm major axis.es with circular thin ﬁlm delaminations of different sizes.
Fig. 5. Compressive strains vs. out-of-plane deﬂection for circular thin ﬁlm delaminations with different sublaminate ﬁbre orientations.
Fig. 6. Compressive strains vs. out-of-plane deﬂection for elliptical thin ﬁlm delaminations.
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consistent results for circular delaminations irrespective of the ﬁ-
bre direction, but are unable to reliably predict the buckling of
elliptical delaminations with principal axes deviating from the
loading axis, as for the ±45 sublaminates. For loading along the
principal axes of the delaminations the Rayleigh–Ritz predictions
are, as expected, somewhat higher than for the more accurate ﬁ-
nite element model. The error is just 10–20% for the circular del-
aminations, but increases to 20–30% for the elliptical
delaminations. Unsurprisingly the Euler strip buckling model se-
verely underestimates the buckling strain, except for elliptic del-
aminations along the ±45 directions, where the buckling strain
is severely overestimated.
4. Multiple delaminations
Impact damage cannot be successfully modelled with a single
delamination or even multiple circular delaminations, if it is to rep-
licate the buckling behaviour of the damage zone. Thus the current
models expand on the ideas in [21] and [22], who used fan shaped
delaminations, by using peanut and twin elliptical delaminations,Fig. 2b as used in [26]. The idea is that more realistic delamination
shapes should mimic the behaviour of impact damage more clo-
sely. These models have seven delaminations per model, i.e. one
delamination at every ply interface in the model. Many studies
conclude that delaminations do not form between plies of the
same orientation, e.g. [32], while others say they do [33]. A test
case was run with and without a mid-plane delamination and
showed no signiﬁcant difference in results, so for ease of construc-
tion of the models, mid-plane delaminations are included. These
models are much more computationally intensive than the thin
ﬁlm models and take 24–30 h to solve on four CPUs with 16 GB
of RAM on a HPC. The multiple delamination models are also mod-
elled at three different delamination sizes 10 mm, 20 mm and
30 mm for the (0//+45//45//90/)s and at 30 mm size for the
other three lay-ups (+45//90//0//45/)s, (45//90//+45//0/)s
and (90//0//+45//45/)s respectively.
The behaviour for all models with both peanut and twin ellipti-
cal delaminations is very similar, in terms of compressive strain vs.
out-of-plane deﬂection: Initially local buckling of the sublaminates
occurs on the top and bottom surface and then the whole damage
zone buckles; Fig. 8 shows the typical buckling behaviour
Fig. 7. Buckling strain comparison for analytical and FE models for different ﬁbre orientations in sublaminates with delaminations having a 30 mm major axis.
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size and lay-up.
Stress–strain curves calculated using an inverse method [29], as
discussed in the section on Modelling Technique, are used to deter-
mine the relative stiffness reduction caused by the different dam-
age parameters, delamination shape and size and can be seen in
Figs. 9 and 10. The effect of lay-up is less signiﬁcant and will be dis-
cussed in the text. All the results have been plotted as the equiva-
lent local average compressive stress, against the equivalent local
average compressive strain of the impact damage region. These
curves are compared with a curve for the undamaged material
which displays linear behaviour. The curves for the impact dam-
aged regions show linear behaviour up to buckling and then non-
linear behaviour after buckling has occurred.
Two different delamination shapes are considered; twin ellipse
and peanut, Fig. 9. The results show that the peanut delaminationsFig. 8. Typical delamination buckled shape for peanut delaminations at 0.55%
applied strain (displacement in Z direction magniﬁed 5).buckle at a much lower strain and have a much lower stiffness
compared with the twin elliptical model. At 1% applied compres-
sive strain the peanut delamination shows a 65% stiffness reduc-
tion compared with the undamaged material, as opposed to a
40% reduction for the twin ellipse model. The twin ellipse has a
non delaminated core which means that two smaller local buckles
form compared with the single larger buckle of the peanut, which
results in the buckling strain being higher for the twin ellipse pat-
tern. The effect of different lay-ups was examined but was much
less pronounced, with less than 10% difference in the stiffness
reduction between the lay-ups with an average stiffness reduction
of 60% compared with an undamaged laminate. For this reason re-
sults are only presented for the lay-up (0//+45//45//90//). The
lay-ups that show least stiffness reduction seem to have the 0
plies closer to the mid-plane, suggesting that it is the buckling of
the 0 plies, which carry most of the load that has some effect on
the overall stiffness reduction.
The effect of delamination size on the stiffness of the impact re-
gion is shown in Fig. 10. As expected, the results show that the
smaller the diameter of the damage area, the higher the corre-
sponding buckling strain is. Furthermore, the larger the delamina-
tions the lower the residual stiffness compared with the
undamaged material. The cross section views are taken through
the mid-plane along the loading axis, showing the full length of
the delamination for the 0 surface plies. They also show the se-
quence of buckling, the 10 mmmodel undergoes local sublaminate
buckling only, the 20 mm model starts to buckle globally within
the damage region, and the 30 mm sample shows initial local
buckling of sublaminates which is mostly suppressed by the global
buckling of the damaged region as the applied strain increases.
Fig. 11 shows the comparison for delaminations that have a con-
stant diameter through the thickness compared with delamina-
tions that increase in diameter away from the impact site on the
front face.
The results show that for the conical distribution of through
thickness delaminations the stiffness reduction onset is at a higher
applied strain and the overall stiffness reduction is much less in
comparison with the cylindrical distribution of delaminations. This
is because the cylindrical delaminations all have the same delam-
Fig. 9. Effect of delamination shape on stiffness reduction.
Fig. 10. Stiffness reductions for multiple peanut delaminations with different delamination sizes.
Fig. 11. Stiffness reductions for multiple peanut delaminations with different delamination sizes through the thickness.
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buckle simultaneously. For the conical distribution the delamina-
tion length decreases towards the front face, so the buckling strainwill increase and the sublaminates will buckle sequentially offer-
ing a higher stiffness in comparison to the cylindrical distribution
of delaminations.
Fig. 12. Effect of ﬁbre fracture cracks on residual stiffness of laminate with multiple peanut delaminations.
Fig. 13. Effect of ﬁbre fracture cracks on buckling behaviour.
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Fibre fracture cracks have been included in the models to deter-
mine the effect of ﬁbre fracture cracks on the behaviour of delam-
inations in compression, as no study has ever considered this in
detail before. Based on previous work [25], the cracks should be
implemented as cracks rather than as a soft inclusion region. The
cracks were initially implemented into the thin ﬁlm models with
one crack only appearing in the sublaminate. For the circular subla-
minate the effect was minimal, just reducing the amplitude of the
out-of-plane deﬂection, but the delamination was much more
pointed and less dome shaped. In the case of the elliptical delam-
ination the effect was more pronounced, and the ﬁbre fracture
crack changes the delamination behaviour completely, causing
the plate to buckle at higher strain and in very different mode as
two individual plates rather than one large one with a crack in it.
For the models with multiple delaminations with and without
ﬁbre fracture cracks, the results are similar. Fig. 12 shows the case
of multiple peanut shaped delaminations where the further stiff-
ness reduction caused by the cracks is very limited compared with
the uncracked laminates. The buckling shape is, however, changed
considerably. The buckling behaviour with random cracks in Fig. 9
is similar to the experimental observations on real impact damage
in 2 mm and 4 mm laminates [34]. Fig. 13 shows the buckling
shapes at 1% applied compressive strain. The model with only del-aminations buckles in an antisymmetric mode behaving as a single
structure. The star pattern ﬁbre fracture cracks result in a very dif-
ferent symmetric buckling mode with the ﬁbre fracture cracks
causing the plies to behave as two separate parts rather than as a
single ply. The random ﬁbre fracture cracks behave differently
again, while the mode is very similar to the uncracked laminate
the sublaminates do not spread out, through the thickness, as they
do with the uncracked case. Although this does not have a signiﬁ-
cant effect on the stiffness reduction it clearly affects the behaviour
of the damage region and to accurately model impact damage un-
der compressive loads ﬁbre fracture cracks need to be included.
The effect of matrix cracks on the residual stiffness was also con-
sidered. The matrix cracking was simulated for the idealised pea-
nut delamination case by degrading the transverse properties of
each ply by a nominal amount of 60%. The effect of these simulated
matrix cracks was found to be negligible (1% further stiffness
reduction) and was pursued no further.6. Conclusion
In conclusion this study has developed an FE model for impact
damage loaded in compression with idealised multiple delamina-
tions with realistic delamination patterns and idealised ﬁbre frac-
ture cracks. The techniques used to build these models were
692 R. Craven et al. / Composites: Part A 41 (2010) 684–692developed building thin ﬁlm models, which were compared with
thin ﬁlm models taken from the literature. The models with multi-
ple delaminations were modelled with different delamination
shapes and sizes, and different ply lay-ups.
This model has identiﬁed that delamination size and shape are
the most important factors in the stiffness reduction caused by im-
pact damage. The lay-up and the presence of ﬁbre fracture cracks
have less inﬂuence on the stiffness reduction but do affect the
buckling shape and are therefore important for accurately captur-
ing the buckling behaviour of impact damage in simpliﬁed models.
Further work is required in validating the models against exper-
imental results, e.g. [34], to demonstrate that the models do cap-
ture the compressive behaviour of impact damage regions, as
was done with the tensile models in [26]. Future work could also
consider delamination growth and propagation by replacing the
ties between plies with cohesive surfaces or interface elements.
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Appendix A
The analytical plate buckling solution is a one term Rayleigh–
Ritz (R–R) solution for circular or elliptic sublaminates, originally
published by Shivakumar and Whitcomb [8], but taken here in
re-derived and corrected form provided by Shivakumar [31];
eB ¼  315
17b2
 ½ðb=aÞ
2D11 þ ða=bÞ2D22 þ ð58=45ÞD12 þ ð16=9ÞD66
½A11 þ ðða=bÞ2  mlamÞA12  mlamða=bÞ2A22
ðA1Þ
where eB is the buckling strain, A11, A12, A22, D11, D12, D22 and D66 are
terms from the ABD matrix (with coordinate 1 in the loading direc-
tion), mlam is the Poisson’s ratio of the base laminate and a and b are
the dimensions of half the elliptical axis parallel and perpendicular
to the loading.
The analytical Euler wide strip buckling solution by Yin [30] is
given by:
eB ¼ ðp=aÞ2D11=A11 ¼ ðp2=12Þðh=aÞ2QF11=QM11
where QF11 ¼ 12D11=h3 and QM11 ¼ A11=h
ðA2Þ
where eB is the buckling strain, h is the sublaminate thickness, a is
the half length of the delamination in the loading direction and A11
and D11 are terms from the ABD matrix of the sublaminate in the
loading direction. QF and QM are equivalent ﬂexural and membrane
‘‘moduli” of the buckling sublaminate, which are equal for homoge-
neous sublaminates.
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The idea of using a soft inclusion to represent a region of impact
damage in a structure was ﬁrst proposed by Cairns [1] as a better
model than a hole, based on the work of Lekhnitskii [2]. This pro-
posal was extended by Cairns and Lagace [3], who suggested that
the properties of the soft inclusion should be degraded properties
of undamaged material and the degradation of these properties
should be controlled by the surrounding strain ﬁeld as an exten-
sion of the Whitney and Nuismer equation [4] for predicting the
stress concentrations caused by holes.
Another approach to using soft inclusions to represent impact
damage zones [5] used a degraded modulus for the zone. This is
calculated from the predicted buckling strain of an elliptical
delamination equivalent to the size of the largest delamination
as measured by C-scan. The buckling strain for this elliptical
delamination is obtained using the Rayleigh–Ritz sublaminate
buckling model [6]. Soft inclusions were also used to model impact
damage in [7], using a semi-analytical model that used a multi re-
gion soft inclusion where the stiffness reduction increased towards
the central region of the soft inclusion (as observed experimentally
[8]). The soft inclusions modelled as circles or ellipses were found
to give good prediction of the maximum strain in the damage re-
gion compared with delamination buckling FE models.
The ability to represent an impact damage zone by a soft inclu-
sion has also been examined experimentally [9], where soft inclu-
sions made from epoxy resin and glass beads with a volumell rights reserved.
en).
. Homogenised non-linear soft i
.026 A48fraction of 50% were cast in to holes drilled in specimens. These ob-
tained good correlation with theoretical predictions in tension and
compression at low applied strains, but the soft inclusions were in-
clined to pop out of the hole at increasing tensile strains, due to a
weak interface between the hole edge and the soft inclusion.
More recently a similar concept to the one in this paper was
developed by Apruzzese et al. [10], which models the material
non-linearity of the impact damaged region and also accounts for
damage growth by a damage function which evolves with increas-
ing applied strain. The model uses a soft inclusion which is
sectioned in-plane and through-the-thickness to allow for the
non-uniform distribution of impact damage to be considered and
was demonstrated on a stiffened panel using experimental data
from coupons [11,12]. However, the apparent stiffness reduction
captured by the inverse method in [11,12] includes reduction both
due to material degradation and due to local buckling. Thus, the
model in [10] has problems predicting the behaviour of the impact
damage zone under compression using the available experimental
data as the model separately accounts for local buckling.
The inverse method developed by Sztefek and Olsson [11,12] is
a method of determining the residual stiffness of an impact dam-
age zone, based on the full ﬁeld displacements measured during
mechanical testing. This is achieved by matching the displacement
ﬁelds for the impact damage region with the displacement ﬁelds
for an FE model with a soft inclusion in an iterative process that
changes the Young’s modulus, E, and Poisson’s ratio, m, of the soft
inclusion. Once the displacement ﬁelds are matched, the residual
stiffness can be determined from the corresponding values of E
and m. The inverse method was used for experimental evaluation
of the stiffness distribution and material non-linearity of impactnclusion for simulation of impact damage in composite structures. Compos
2 R. Craven et al. / Composite Structures xxx (2010) xxx–xxxdamage zones in tension [11], while local buckling only permitted
evaluation of a single (averaged) non-linear stiffness in compres-
sion [12].
Apart from the model in [10] all the soft inclusions presented in
the literature utilise constant material properties, over the soft
inclusion or over discretised regions in the soft inclusion. The soft
inclusion presented in the current work is different because the
stiffness of the homogenised non-linear soft inclusion changes
non-linearly with increasing applied tensile and compressive
strain. The non-linear stress–strain behaviour captures the behav-
iour of impact damage under tensile and compressive loading and
captures the geometrical non-linearity due to buckling as well as
non-linear material behaviour caused by the damage. The behav-
iour is based on the idealised detailed impact damage models pre-
sented in [13,14]. Thus, the behaviour captured by these complex
3D FE models is represented in a simple and computationally efﬁ-
cient soft inclusion which can be easily included in 2D FE structural
models. This would allow designers and structural engineers to ob-
serve the behaviour of a structure under load with a worst case
barely visible impact damage embedded anywhere within the
structure.
2. Detailed damage models
This homogenised non-linear soft inclusion is concluding a pro-
ject on modelling the behaviour of impact damage regions in com-
posite structures and identifying the damage mechanisms and
parameters that have the most signiﬁcant effect on the residual
stiffness of the impact damage region. Identiﬁcation of the individ-
ual damage parameters was conducted using idealised detailed FE
models of impact damage that could be used in parametric studies
to identify the effects of different mechanisms under tensile and
compressive loading. These models have been previously pub-
lished for the tensile [13] and compressive [14] cases. The ﬁndings
from these detailed studies were that for both tension and com-
pression the conservative worst case could be predicted using
the peanut delamination patterns in conjunction with the star ﬁbre
fracture crack distribution, Fig. 1a. These idealise the damage ob-
served from fractography of experimental impact damage, while
allowing the model to be easily scaled for any size of damage re-
gion, and for any number of plies or stacking sequence. The models
can be shown to capture crack opening in tension, Fig. 1b, and
buckling of the damage region and local sublaminates in compres-
sion, Fig. 1c. However, while these models can accurately capture
the behaviour of impact damage under tensile and compressive
loading they are very computationally expensive. Each ply has toFig. 1. (a) Graphical representation of idealised detailed damage models, (b) detailed da
model in compression (displacement out-of-plane scaled 5:1).
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thickness and around 1500 elements per ply. In compression con-
tact is also required between the sublaminates and crack faces,
which can result in models that take 24–30 h to run on 4 CPU’s
with 16 GB of RAM on a High Performance Computing cluster. This
means these are very computationally expensive models even at
coupon level and cannot realistically be added to a structural mod-
el such as a skin-stringer panel because the number of degrees of
freedom in the model would become so large the model would be-
come unfeasible to solve.
Consequently the inverse method developed by Sztefek and
Olsson [11,12] has been used to determine the stiffness reductions
for these models in tension and compression providing a stress–
strain curve for a homogenised quasi-isotropic laminate, Fig 2. This
curve captures the non-linearity of the damage region in compres-
sion caused by material non-linearity and the geometric non-line-
arity caused by sublaminate and local buckling and crack opening.
This stress–strain curve provides the basis for the homogenised
non-linear soft inclusion which allows the complex behaviour of
the damage simulated by the idealised impact damage models to
be captured by a simple soft inclusion. The soft inclusion can rep-
resent the complex damage behaviour with a few shell elements
and retains the same stiffness reduction as caused by the buckling
of sublaminates and local buckling, without the complexity of
reproducing the actual geometric behaviour, Fig 3. This is achieved
by capturing both the non-linear geometric stiffness and non-lin-
ear material stiffness in a non-linear material model. Conse-
quently, the non-linear soft inclusion can simply be added to any
location on a structural model and represent the behaviour of im-
pact damage without signiﬁcant increase in solution time or com-
putational cost. To compare the idealised detailed damage models
and homogenised non-linear soft inclusion, the idealised detailed
damage models take around 3 h to construct compared with
10 min for the non-linear soft inclusion models. The detailed mod-
els require around 15,000, 20-noded brick elements (C3D20) and
contact between all cracks and delaminations, while the non-linear
soft inclusion models require around 400, 4-noded shell (S4R) ele-
ments and no contact to model the same problem. The solution
times are 30 h on 4CPU and 16 GB of RAM for the detailed models
and 3 min on 1 CPU with 2 GB of RAM for the homogenised non-
linear soft inclusion models.
3. VUMAT methodology
The homogenised non-linear soft inclusion has been imple-
mented into the commercial FE code ABAQUS 6.8/Explicit as amage FE model in tension (strain in loading, y direction) and (c) detailed damage FE
nclusion for simulation of impact damage in composite structures. Compos
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Fig. 2. Stress–strain curve generated from detailed damage models.
Fig. 3. Comparison of complex damage models with homogenised non-linear soft inclusion models.
R. Craven et al. / Composite Structures xxx (2010) xxx–xxx 3vectorised user material (VUMAT). The input required for the
homogenised non-linear soft inclusion is homogenised material
in-plane properties of the surrounding laminate E, G and m and
the density of the laminate. The VUMAT outputs as user variables
the logarithmic strain in the 1, 2 and shear directions and the dam-
aged values of E, G and m.
The four master curve arrays that deﬁne the non-linear behav-
iour ME+, ME, Mm+ and Mm are multiplied by the material prop-
erties E and m, Eq. (1).
½MEþ  E ¼ ½Eþ
½ME  E ¼ ½E
½Mmþ  m ¼ ½mþ
½Mm  m ¼ ½m
ð1Þ
This scales the non-linear behaviour of the master curve arrays
to the speciﬁc material properties of the soft inclusion, and these
speciﬁc arrays are used by the code to calculate the stress for the
increment.




D½e ð2ÞPlease cite this article in press as: Craven R et al. Homogenised non-linear soft i
Struct (2010), doi:10.1016/j.compstruct.2010.06.026 A50The magnitude of the strain components en1 and en2 are compared
to determine the loading direction, Eq. (3). The orientation of the
applied load and the global co-ordinate system relative to the ele-
ment co-ordinate system is dealt with external to the VUMAT by
ABAQUS.
If jen1jP jen2j then en1 is the loading direction ð3Þ
Once the loading direction strain is determined, this is the pri-
mary strain used for the non-linear calculations. The code then
checks whether e1 is a positive or negative value, which determines
which set of arrays E+ and m+ or E and m that are used to calcu-
late the stress.
Assuming the value of en1 is positive, the VUMAT then checks if
the value of en1 is greater than the maximum value of strain in the
arrays [E+] and [m+]. If the value of en1 is greater the code automat-
ically uses the maximum value of E+max and m+max. Otherwise the
VUMAT calls two subroutines spline and invspline, taken from
[15]. These subroutines make a 3rd order polynomial ﬁt to the sec-
tion of the arrays E+ and m+ of interest and then interpolate to get
the value of En and vn corresponding to value of en1. The value of v
n
is then checked, Eq. (4) to ensure it is above zero,
If spline calculates mn < 0 then it is assumed mn ¼ 0 ð4Þnclusion for simulation of impact damage in composite structures. Compos
Fig. 4. Flow chart detailing the main stages of the homogenised non-linear soft
inclusion VUMAT.
4 R. Craven et al. / Composite Structures xxx (2010) xxx–xxxA Poisson’s ratio less than zero is observed for some cellular
materials, e.g. cork, but was not allowed for the current solid mate-
rial even though the spline curve ﬁtting algorithm caused this to
happen numerically.
The value of Gn can then be related to En and vn using Eq. (5).
Gn ¼ En=½2ð1þ mnÞ ð5Þ












sn12 ¼ 2  Gn  cn12 ð8Þ
This process is repeated for the remaining integration points in
the VUMAT section and the stresses for this increment are then re-
turned to ABAQUS. The process described here is summarised in
the ﬂow chart in Fig. 4.
When the impact damage region is unloaded, the material
behaviour follows the loading curve, as the material model for
the impact damage region assumes non-linear elastic behaviour
without damage accumulation. Therefore, the method of calculat-
ing the stress during unloading is the same as for loading, as Eq.
(2) will simply calculate a decreasing total strain value during
unloading, where the strain increments become negative.
4. VUMAT validation
The VUMAT was validated to ensure that it worked in all load-
ing cases and at different applied strains and that there was no
mesh dependence of the VUMAT. Initially the mesh was 1 element
in size, Fig. 5a, which was increased to 100 elements in size with a
regular mesh. An irregular mesh with approximately 100 elements
was also used to check that the VUMAT could cope with the ele-
ment co-ordinate system not being aligned to the global co-ordi-
nate system. The loading conditions, Fig. 5b, were designed to
validate the VUMAT behaved as expected for all load directions
and at two different applied strains (0.2% and 2%). The loading con-
ditions consisted of symmetric boundary conditions and velocityPlease cite this article in press as: Craven R et al. Homogenised non-linear soft i
Struct (2010), doi:10.1016/j.compstruct.2010.06.026 A5loading along one edge. The velocities were applied with a smooth
step loading curve and for 1.25 s total there were two different
velocities applied, 0.2 mm/s and 0.02 mm/s, which corresponded
to strains of 2% and 0.2% respectively.
The results from these validation tests are presented in Fig. 6,
where the behaviour of the undamaged (UnD) material is shown
for comparison. The plots for loading in the Y direction are not
shown as they were identical to loading the X direction. Thus,
the loading direction has no effect on the results of the VUMAT
in tension or compression. The fact that all damaged stress–strain
curves are exactly aligned also shows that in tension and compres-
sion the VUMAT exhibits no mesh dependence, as is expected be-
cause the VUMAT is non-linear elastic and does not introduce
damage or plasticity. For the shear loading cases in Fig. 5b the
behaviour for all mesh cases was identical at all applied strains
so the results are not shown here. Again from the fact the non-lin-
ear stress–strain curves all align on these plots there is no mesh
dependency exhibited by the VUMAT in shear loading either.
Results for some of the larger mesh sizes at the 2% strain are not
plotted because the number of iterations required introduced sig-
niﬁcant rounding errors, causing invalid results. Due to the difﬁcul-
ties in running a double precision VUMAT in ABAQUS6.8/Explicit
the VUMAT was run in single precision, which for large numbers
of iterations (over 200,000) caused rounding errors which intro-
duced signiﬁcant errors into the code. To reduce the number of
iterations the density of the material was artiﬁcially increased
from 1600 kg/m3 to 1600  106 kg/m3, after checking that this
did not signiﬁcantly increase the kinetic energy of the system,
which remained a tiny fraction of the internal energy. This reduced
the number of iterations required for solution and allowed conver-
gence with the single precision VUMAT in all cases, except at 2%
applied strain for the 100 element models in compression. The
problem of having to use single precision should have been elimi-
nated in the latest version of ABAQUS6.9/Explicit.
The next stage in the validation was to determine that the out-
put stress–strain curve for the homogenised non-linear soft inclu-
sion matches the stress–strain curve for the detailed FE models.
Fig. 7 shows that there is excellent agreement between the homog-
enised non-linear soft inclusion and the detailed damage models,
even when the homogenised non-linear soft inclusion is meshed
using a coarse mesh over a region of the same size as the impact
damage region in the detailed damage models.
While it is feasible to mesh the homogenised non-linear soft
inclusion as a circular region with multiple elements in a coupon
model or even for a small model of a skin-stringer panel, it is not
possible to reﬁne the mesh sufﬁciently to model the soft inclusion
as a circular region with multiple elements when modelling a large
structural component. Rather, it would have to be represented by
one or two elements alone. Having determined that the number
of elements in the homogenised non-linear soft inclusion does
not affect the result, we conclude that it is possible to use a single
element. However, the inﬂuence of soft inclusion shape was un-
known, so further studies were conducted using rectangular and
square homogenised non-linear soft inclusions of the same area
as the circular homogenised non-linear soft inclusion, Fig. 8. These
studies show that the square soft inclusion gives results within 5%
of the detailed damage impact models even at the largest applied
strains. The results for rectangular damage models were slightly
less accurate and about 10% out at the highest compressive strains.
This is thought to be because the length in the loading direction
was longer than the circular or square homogenised non-linear soft
inclusions, which increased the range of strains it experienced and
lowered the average strain. These results do still validate the con-
cept of using a homogenised non-linear soft inclusion to represent
impact damage by a single square or rectangular element in very
large structural models where the mesh reﬁnement is limited. Rep-nclusion for simulation of impact damage in composite structures. Compos
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Fig. 5. (a) Mesh sizes and (b) load cases applied to all mesh sizes.
Fig. 6. VUMAT validation tests for all element sizes loaded in tension and compression at 0.2% and 2% strain: (a) X 0.2% tension, (b) X 0.2% compression, (c) X 2% tension and
(d) X 2% compression.
R. Craven et al. / Composite Structures xxx (2010) xxx–xxx 5resenting the damage as a circle would, however, improve the
accuracy of the results.
5. Experimental comparison
Having been validated, the homogenised non-linear soft inclu-
sion was applied to experimental data to determine whether it
could be used for conservative design, i.e. behaves as a worse casePlease cite this article in press as: Craven R et al. Homogenised non-linear soft i
Struct (2010), doi:10.1016/j.compstruct.2010.06.026 A52when compared with a range of results taken from experimental
coupons analysed using digital image correlation (DIC) and an in-
verse method.
The experimental coupons results were taken from [12] and
consist of two different laminate thicknesses (2 mm and 4 mm)
and four different impact energies, 7 J, 14 J and 20 J with the
2 mm specimens being impacted at 7 J and the 4 mm specimens
impacted at 10 J, 14 J and 20 J. The boundary conditions were takennclusion for simulation of impact damage in composite structures. Compos
Fig. 7. Comparison of detailed FE models with circular homogenised non-linear soft inclusion.
Fig. 8. Comparison of detailed FE models with square and rectangular homogenised non-linear soft inclusions.
6 R. Craven et al. / Composite Structures xxx (2010) xxx–xxxfrom the DIC results and allowed for the in-plane and out-of-plane
exact displacements of the plates to be applied to the models, as
described in [12]. The worst case taken from the idealised detailed
impact damage models [14] was found to be a conservative esti-
mate of the residual strength for all of the experimental results
compared with in tension and compression. Selected results are
presented in Figs. 9 and 10 for a tensile and compressive case
respectively.
The results are presented as local average stress–strain curves
for the damage region taken from experiments using the inverse
method in [12] and for the homogenised non-linear soft inclusion.
These results are augmented by photographs and C-scan images of
the experimental damage after impact and before testing, which
show the extent and severity of the damage.
Fig. 9 shows a comparison of the homogenised non-linear soft
inclusion with the experimental results for a 2 mm balanced qua-
si-isotropic laminate subjected to a 7 J impact and subsequentlyPlease cite this article in press as: Craven R et al. Homogenised non-linear soft i
Struct (2010), doi:10.1016/j.compstruct.2010.06.026 A5loaded in tension. From the fractography it is possible to see that
although this is BVID damage there is a signiﬁcant damage re-
gion and the soft inclusion conservatively predicts the residual
stiffness.
Fig. 10 shows a comparison of the homogenised non-linear soft
inclusion with experimental results for a 4 mm balanced QI lami-
nate subjected to a 20 J impact and subsequently loaded in com-
pression. From the fractography it is possible to see that while
there is extensive back face splitting and a very large delaminated
area (no details of ﬁbre fracture crack distribution exist for this
specimen) it is still classed as BVID damage as there is hardly
any observable damage on the front face. Again the homogenised
non-linear soft inclusion provides a conservative estimate of the
residual stiffness compared with the experimental results.
A limitation of the idealised detailed impact damage models
and the stress–strain curve generated from them is that they do
not capture delamination growth or damage growth. While thisnclusion for simulation of impact damage in composite structures. Compos
3
Fig. 9. Comparison of non-linear soft inclusion with experimental data for tension with photographic and fractographic images of the damage.
Fig. 10. Comparison of non-linear soft inclusion with experimental data for compression with photographic and fractographic images of the damage.
Fig. 11. Comparison of non-linear soft inclusion using experimental data curves with experimental data for compression with photographic and fractographic images of the
damage.
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8 R. Craven et al. / Composite Structures xxx (2010) xxx–xxxwas deliberate in the models, as they were designed to identify the
residual stiffness of different damage models, it is also a limitation
when using them to provide the behaviour for the homogenised
non-linear soft inclusion.
One alternative is to obtain the master curves for the homoge-
nised non-linear soft inclusion from experimental data rather than
from idealised FE models, using the inverse method in [12] to ana-
lyse full ﬁeld measurements from mechanical testing of impact
damaged specimens. In this case the soft inclusion behaviour
would include the stiffness reduction caused by damage growth
and delamination growth. This approach would be ideal in a situ-
ation where a speciﬁc impact energy is used as damage tolerance
requirement for the structure. The residual stiffness of the impact
damage caused at this energy could be captured experimentally
and used to deﬁne the master curve for the homogenised non-lin-
ear soft inclusion. This is demonstrated in Fig. 11, where the master
curve for the non-linear soft inclusion is obtained from experimen-
tal data for a 14 J impact, which for sake of argument is the re-
quired energy in [12] and compared to the experimental curve
for a 10 J impact.
6. Discussion
A homogenised non-linear soft inclusion has been developed as
a method of capturing the complex non-linear behaviour of impact
damage subjected to tensile and compressive loading in a simple
and computationally efﬁcient way that can be easily implemented
into large structural FE models.
The validation work shows that the homogenised non-linear
soft inclusion is valid for all loading conditions at small and large
applied strains and is independent of mesh density. There is only
a small error induced by modelling the damage region as a square
or rectangular shape meaning that a single element homogenised
non-linear soft inclusion could be used to represent damage in a
large structure. The homogenised non-linear soft inclusion is as-
sumed homogenous and isotropic; it can be embedded in homog-
enous or laminated shell elements by matching the number of
gauss points through-the-thickness to those in the pristine
laminate.
A conservative worst case model of impact damage has been
generated from idealised detailed impact damage models, which
represent the impact damage by peanut delaminations at every
interface and star ﬁbre fracture crack distributions. These are
shown to provide a conservative worst case when compared with
the residual stiffness from experimental barely visible impact dam-
age. One limitation of this worst case behaviour is that the idea-
lised damage models do not allow for damage growth, which
would further reduce the stiffness of the damage region. While it
would be easy to implement damage growth in the idealised
detailed models of impact damage these models are time consum-
ing to run for a large number of conﬁgurations. The worst case pro-
vides a good conservative estimate of the damage behaviour for
initial structural design or buckling analysis with impact damage
present. This could be useful in modelling impact damage for stud-
ies of buckling and postbuckling of stiffened panels with impact
damage, such as done in GARTEUR AG28 [16]. The limitation of
the present method is when the damage is more severe than BVID
damage. The method assumes a conservative prediction for delam-
ination and ﬁbre fracture distribution in the region of impact dam-
age. However, if the damage is more severe, such as where
signiﬁcant penetration has occurred, then the method will no
longer give a conservative result of residual stiffness and will
underpredict the stiffness reduction caused by the impact damage
on the structure.Please cite this article in press as: Craven R et al. Homogenised non-linear soft i
Struct (2010), doi:10.1016/j.compstruct.2010.06.026 A5An alternative to running lots of detailed models is to use exper-
imental data to provide the behaviour for the non-linear soft inclu-
sion, which gives good agreement with a given experiment and
provides a worse case for less severe damages. This could be partic-
ularly useful when certifying an aircraft structure, which has to
withstand impacts at a particular energy, where the damage
behaviour could be determined from a set of experiments and used
to model the behaviour with the homogenised non-linear soft
inclusion at arbitrary sites on the structure. As impact damage
severity depends on the boundary conditions, location, laminate
span-to-thickness ratio and lay-up as well as energy, it would be
hard to precisely match the damage behaviour with a master curve
for every impact. An impact damage model which assumes peanut
delaminations at every interface and star crack patterns and uses
the size of the damage region determined from C-scan would pro-
vide a conservative prediction when compared to the physical
damage.
This could be extended further to provide a library of master
curves for different impact energies, materials and locations, from
which the user can select the appropriate curve set for the behav-
iour he wants to replicate in a given region of a structural model.
The alternative is to develop this homogenised non-linear soft
inclusion to be controlled by a set of non-dimensionalised
parameters which determine the severity of the damage. Thus,
the damage properties would be represented by a changing curve
set according to delamination shape and size, number of delamin-
ations and their through-thickness distribution, the severity and
size of ﬁbre fracture cracks, laminate lay-up, etc. This would, how-
ever, require extensive further parametric studies using the idea-
lised detailed impact damage models supported by experimental
observations.
7. Conclusion
In conclusion, this paper presents a homogenised non-linear
soft inclusion that has been developed to represent impact damage
under tensile and compressive loading conditions in large struc-
tural models in a computationally efﬁcient manner. The develop-
ment and process of the homogenised non-linear soft inclusion is
discussed and implemented into FE using a VUMAT. The validation
shows no mesh dependency and is independent of loading condi-
tion. The homogenised non-linear soft inclusion can either be used
a worst case damage model or use data taken from experimental
impacts to represent a speciﬁc impact region and can be easily lo-
cated anywhere in a large structural model. Ideally the soft inclu-
sion shape should be circular or elliptical but square and
rectangular shapes are permissible and only cause small errors.
This means that the square or rectangular soft inclusion damage
models can be used in very large structural models when mesh
reﬁnement does not permit the placement of a circular soft inclu-
sion. Suggestions have also been made to extend the versatility of
this homogenised non-linear soft inclusion by developing a library
of impact damage behaviours or by creating a set of non-dimen-
sionalised parameters to control the severity of the damage behav-
iour replicated.
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B.1 ABAQUS/Explicit VUMAT Code 
VUMAT code written in FORTRAN77 for ABAQUS/Explicit 6.8 with “worst case” 
master curve 
B.2 ABAQUS/Explicit VUMAT Variable Definition 
Table containing all user defined variables and parameters and their definitions 
B.3 ABAQUS/Explicit VUMAT Flowcharts 
Flowcharts of the VUMAT and the imp_dam_behav subroutine 
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2 C                                                                        C 
3 C Smart Soft Inclusion capturing material and mechanical behaviour of    C 
4 C impact damage in tension and compression.                              C 
5 C This model uses shell elements in ABAQUS explicit, reads in the        C 
6 C orthotropic material properties that are the same as the undamaged     C 
7 C surrounding laminate. Then follows a damaged stress strain curve for   C 
8 C worst case BVID impact damage.                                         C 
9 C Defined by master curve points normalised by undamaged Young's modulus C 
10C uses spline functions to define curve based on data points and extract C 
11C the stress from curve for given strain.                                C 
12C The damage does not propagate or grow, it is an initial damage         C 
13C state to test how structures behave under load with impact damage      C 
14C present.                                                               C 
15C                                                                        C 
16C Developed for part of a PhD at Imperial College London                 C 
17C Date: May 2009                                                         C 
18C Created by: Richard Craven                                             C 
19C                                                                        C 
20C************************************************************************C 
21 subroutine vumat( 
22 C Read only - 
23 1 nblock, ndir, nshr, nstatev, nfieldv, nprops, lanneal, 
24 2 stepTime, totalTime, dt, cmname, coordMp, charLength, 
25 3 props, density, strainInc, relSpinInc, 
26 4 tempOld, stretchOld, defgradOld, fieldOld, 
27 5 stressOld, stateOld, enerInternOld, enerInelasOld, 
28 6 tempNew, stretchNew, defgradNew, fieldNew, 
29 C Write only - 
30 7 stressNew, stateNew, enerInternNew, enerInelasNew ) 
31 C 
32 include 'vaba_param_sp.inc' 
33 C 
34 C Impact damage composite element input 
35 C 
36 C User defined material properties are stored as 
37 C props(1) --> Initial Young's modulus, E 
38 C props(2) --> Poisson's ratio, nu 
39 C props(3) --> Initial in-plane shear modulus, G12 
40 C 
41 dimension props(nprops), density(nblock), 
42 1 coordMp(nblock,*), 
43 2 charLength(*), strainInc(nblock,ndir+nshr), 
44 3 relSpinInc(nblock,nshr), tempOld(nblock), 
45 4 stretchOld(nblock,ndir+nshr), defgradOld(nblock,ndir+nshr+nshr), 
46 5 fieldOld(nblock,nfieldv), stressOld(nblock,ndir+nshr), 
47 6 stateOld(nblock,nstatev), enerInternOld(nblock), 
48 7 enerInelasOld(nblock), tempNew(*), 
49 8 stretchNew(nblock,ndir+nshr), defgradNew(nblock,ndir+nshr+nshr), 
50 9 fieldNew(nblock,nfieldv), stressNew(nblock,ndir+nshr), 
51 1 stateNew(nblock,nstatev), 
52 2 enerInternNew(nblock), enerInelasNew(nblock) 
53 C 
54 C Define output variables 
55 C 
56 character*80 cmname 
57C 
58 parameter ( 
59 * i_svd_strainXx = 1, 
60 * i_svd_strainYy = 2, 
61 * i_svd_strainXy = 3, 
62 * i_svd_youngsModE = 4, 
63 * i_svd_shearModG12 = 5, 
64 * i_svd_poisson = 6, 
65 * n_svd_Required = 6) 
66 C 
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67 C Structure of property array 
68 C 
69 parameter ( 
70 * i_pro_E = 1, 
71 * i_pro_nu = 2, 
72 * i_pro_G12 = 3) 
73 C 
74 parameter ( zero = 0.d0, one = 1.d0 ) 
75 C 
76 C Local arrays 
77 C 
78 real E, xnu, G12, i, j 
79 real XStrain1(nblock), XStrain2(nblock), 
80 * XStrain12(nblock), XNE(nblock), XNG12(nblock), XXNu(nblock) 
81C 
82 C Read properties 
83 C 
84 E = props(i_pro_E) 
85 xnu = props(i_pro_nu) 
86 G12 = props(i_pro_G12) 
87 C 
88 C Read in strain increments and calculate total strain 
89 C 
90 do i=1, nblock 
91 XStrain1(i) = strainInc(i,1) + stateOld(i,i_svd_strainXx) 
92 XStrain2(i) = strainInc(i,2) + stateOld(i,i_svd_strainYy) 
93 12(i) = strainInc(i,4) + stateOld(i,i_svd_strainXy) XStrain
94 end do 
95 C 
96 C Initialize state variables in Pack 
97 C 
98 if ( stepTime .eq. zero .and. totalTime .eq. zero ) then 
99 if ir.ne.3 .or. nshr.ne.1) then (nd
100 call xplb_abqerr(-2,'Subroutine VUMAT for impact '// 
101 * 'damaged composite materials only supports '// 
102 * 'plane stress SHELL elements.',0,zero,' ') 
103 call xplb_exit 
104 end if 
105 end if 
106 if (nstatev .lt. n_svd_Required) then 
107 call xplb_abqerr(-2,'Subroutine VUMAT for impact '// 
108 * 'damaged composite materials requires the '// 
109 * 'specification of %I state variables. Check the '// 
110 * 'definition of *DEPVAR in the input file.', 
111 * n_svd_Required,zero,' ') 
112 call xplb_exit 
113 end if 
114 C 
115 C Compute the new behaviour for isotropic damage soft inclusion. 
116C 
117 call ImpDamBehav ( nblock, E, G12, xnu, XStrain1, 
118 * XStrain2, XStrain12, stressNew, XNE, XNG12, XXNu) 
119 C 
120 C Update StateNew with the strains 
121C 
122 do j = 1,nblock 
123 stateNew(j,i_svd_strainXx) = stateOld(j,i_svd_strainXx) 
124 * + strainInc(j,1) 
125 stateNew(j,i_svd_strainYy) = stateOld(j,i_svd_strainYy) 
126 * + strainInc(j,2) 
127 stateNew(j,i_svd_strainXy) = stateOld(j,i_svd_strainXy) 
128 * + strainInc(j,4) 
129 stateNew(j,i_svd_youngsModE) = XNE(j) 
130 stateNew(j,i_svd_shearModG12) = XNG12(j) 
131 stateNew(j,i_svd_poisson) = XXNu(j) 
132 end do 
133C 
134 C Update internal energy 
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135 C 
136 call EnergyInternal ( nblock, 
137 * stressOld, stressNew, strainInc, density, 






144 C ImpDamBehav: Non-linear elastic impact damage behavior   C 
145 ************************************************C C**********
146 subroutine ImpDamBehav ( nblock, E, G12, xnu, XStrain1, 
147 * XStrain2, XStrain12, stressNew, XNE, XNG12, XXNu) 
148 C 
149 include 'vaba_param_sp.inc' 
150 C 
151 parameter( zero = 0.d0, one = 1.d0, two = 2.d0) 
152 parameter( 
153 * i_s31_Xx = 1, 
154 * i_s31_Yy = 2, 
155 * i_s31_Zz = 3, 
156 * i_s31_Xy = 4, 
157 * n_s31_Car = 4 ) 
158 C 
159 integer NMAX, k, l, n 
160 parameter (NMAX=2000) 
161 parameter (n=6) 
162 dimension stressNew(nblock,n_s31_Car) 
163 real E, G12, xnu, XStrain1(nblock), XStrain2(nblock), 
164 * XStrain12(nblock), XNSig1(nblock), XNSig2(nblock), 
165 * XNSig12(nblock), XNEps1(nblock), XNEps2(nblock), 
166 * XNEps12(nblock), XNE(nblock), XNG12(nblock), XNEps(nblock), 
167 * XXNu(nblock), XXNEps(nblock), AbsEps1(nblock), 
168 * AbsEps2(nblock), term1(nblock), 
169 * XMCurEpsPos1, XMCurEpsPos2, XMCurEpsPos3, XMCurEpsPos4, 
170 * XMCurEpsPos5, XMCurEpsPos6, XMCurEpsNeg1, XMCurEpsNeg2, 
171 * XMCurEpsNeg3, XMCurEpsNeg4, XMCurEpsNeg5, XMCurEpsNeg6, 
172 * XMCurYoungPos1, XMCurYoungPos2, XMCurYoungPos3, 
173 * XMCurYoungPos4, XMCurYoungPos5, XMCurYoungPos6, 
174 * XMCurYoungNeg1, XMCurYoungNeg2, XMCurYoungNeg3, 
175 * XMCurYoungNeg4, XMCurYoungNeg5, XMCurYoungNeg6, 
176 * XMCurNuPos1, XMCurNuPos2, XMCurNuPos3, XMCurNuPos4, 
177 * XMCurNuPos5, XMCurNuPos6, XMCurNuNeg1, XMCurNuNeg2, 
178 * XMCurNuNeg3, XMCurNuNeg4, XMCurNuNeg5, XMCurNuNeg6, 
179 * CurEpsPos(n), CurEpsNeg(n), CurYoungPos(n), CurYoungNeg(n), 
180 * CurNuPos(n), CurNuNeg(n), XYoungs(n), XPoisson(n), CurEps(n), 
181 * yp1, ypn, y2(NMAX), sign1(nblock) 
182 
183 C 
184 C Define Master Young's Modulus (MPa), Strain and Possion's ratio values 
185 C for tension and compression 
186 C 
187 XMCurEpsPos1 = 0.000000d0 
188 XMCurEpsPos2 = 9.855937d-09 
189 XMCurEpsPos3 = 1.970578d-08 
190 XMCurEpsPos4 = 2.954959d-08 
191 XMCurEpsPos5 = 3.938735d-08 
192 XMCurEpsPos6 = 4.921907d-08 
193C 
194 XMCurEpsNeg1 = 0.000000d0 
195 XMCurEpsNeg2 = 4.444781d-8 
196 XMCurEpsNeg3 = 9.645006d-8 
197 XMCurEpsNeg4 = 1.715317d-7 
198 XMCurEpsNeg5 = 2.451669d-7 
199 XMCurEpsNeg6 = 2.944055d-7 
200C 
201 XMCurYoungPos1 = 1.000000d0 
202 XMCurYoungPos2 = 0.715200d0 
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203 XMCurYoungPos3 = 0.715200d0 
204 XMCurYoungPos4 = 0.715200d0 
205 XMCurYoungPos5 = 0.715200d0 
206 XMCurYoungPos6 = 0.715200d0 
207C 
208 XMCurYoungNeg1 = 1.000000d0 
209 XMCurYoungNeg2 = 0.686663d0 
210 XMCurYoungNeg3 = 0.482240d0 
211 XMCurYoungNeg4 = 0.341013d0 
212 XMCurYoungNeg5 = 0.292012d0 
213 XMCurYoungNeg6 = 0.286447d0 
214C 
215 XMCurNuPos1 = 1.000000d0 
216 XMCurNuPos2 = 1.209487d0 
217 XMCurNuPos3 = 1.209487d0 
218 XMCurNuPos4 = 1.209487d0 
219 XMCurNuPos5 = 1.209487d0 
220 XMCurNuPos6 = 1.209487d0 
221C 
222 XMCurNuNeg1 = 1.000000d0 
223 XMCurNuNeg2 = 1.126833d0 
224 XMCurNuNeg3 = 0.601888d0 
225 XMCurNuNeg4 = 0.166958d0 
226 XMCurNuNeg5 = 0.000621d0 
227 XMCurNuNeg6 = 0.003333d0 
228 C 
229 C Operate on master curve data and define curve arrays 
230 C multiplies by E or nu for E, strain and Nu curves respectively 
231 C 
232 CurEpsPos(1) = XMCurEpsPos1*E 
233 CurEpsPos(2) = XMCurEpsPos2*E 
234 CurEpsPos(3) = XMCurEpsPos3*E 
235 CurEpsPos(4) = XMCurEpsPos4*E 
236 CurEpsPos(5) = XMCurEpsPos5*E 
237 CurEpsPos(6) = XMCurEpsPos6*E 
238 C 
239 CurEpsNeg(1) = XMCurEpsNeg1*E 
240 CurEpsNeg(2) = XMCurEpsNeg2*E 
241 CurEpsNeg(3) = XMCurEpsNeg3*E 
242 CurEpsNeg(4) = XMCurEpsNeg4*E 
243 CurEpsNeg(5) = XMCurEpsNeg5*E 
244 CurEpsNeg(6) = XMCurEpsNeg6*E 
245C 
246 CurYoungPos(1) = XMCurYoungPos1*E 
247 CurYoungPos(2) = XMCurYoungPos2*E 
248 CurYoungPos(3) = XMCurYoungPos3*E 
249 CurYoungPos(4) = XMCurYoungPos4*E 
250 CurYoungPos(5) = XMCurYoungPos5*E 
251 CurYoungPos(6) = XMCurYoungPos6*E 
252C 
253 CurYoungNeg(1) = XMCurYoungNeg1*E 
254 CurYoungNeg(2) = XMCurYoungNeg2*E 
255 CurYoungNeg(3) = XMCurYoungNeg3*E 
256 CurYoungNeg(4) = XMCurYoungNeg4*E 
257 CurYoungNeg(5) = XMCurYoungNeg5*E 
258 CurYoungNeg(6) = XMCurYoungNeg6*E 
259C 
260 CurNuPos(1) = XMCurNuPos1*xnu 
261 CurNuPos(2) = XMCurNuPos2*xnu 
262 CurNuPos(3) = XMCurNuPos3*xnu 
263 CurNuPos(4) = XMCurNuPos4*xnu 
264 CurNuPos(5) = XMCurNuPos5*xnu 
265 CurNuPos(6) = XMCurNuPos6*xnu 
266 C 
267 CurNuNeg(1) = XMCurNuNeg1*xnu 
268 CurNuNeg(2) = XMCurNuNeg2*xnu 
269 CurNuNeg(3) = XMCurNuNeg3*xnu 
270 CurNuNeg(4) = XMCurNuNeg4*xnu 
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271 CurNuNeg(5) = XMCurNuNeg5*xnu 
272 CurNuNeg(6) = XMCurNuNeg6*xnu 
273C 
274 do k=1, nblock 
275 C 
276 C Define new definitions for individual strain parameters 
277 C 
278 XNEps1(k) = XStrain1(k) 
279 XNEps2(k) = XStrain2(k) 
280 XNEps12(k) = XStrain12(k) 
281 C 
282 C Choose which local element strain is the principle strain 
283 C 
284 absEps1(k) = abs(XNEps1(k)) 
285 absEps2(k) = abs(XNEps2(k)) 
286C 
287 if (absEps1(k) .ge. absEps2(k)) then 
288 (k) = XNEps1(k) XNEps
289 else 
290 XNEps(k) = XNEps2(k) 
291 end if 
292 C 
293 C Check whether the element strain 1 is positive or negative 
294 C 
295 call flag(XNEps(k),sign1(k)) 
296C 
297 C Calculate where value of strain read from model is on curve 
298 C if it is beyond end range of curve then, Young's modulus is 
299 C considered to be constant, if not is non-linear and code 
300 C calls spline and inverse spline subroutines to find point 
301 C on curve where n is number of values in CurYoung and CurNu and CurEps 
302 C 
303 C for positive values where sign1 = 3 is first nested if loop where sign1 
304 C is negative is second nested if loop. 
305C 
306 if (sign1(k) .gt. two) then 
307 C 
308 if (XNEps(k).gt.CurEpsPos(n)) then 
309 XNE(k) = CurYoungPos(n) 
310 XXNu(k) = CurNuPos(n) 
311 else 
312 call youngs(CurYoungPos, CurEpsPos, XNEps(k), n, NMAX, XNE(k)) 
313 call isson(CurNuPos, CurEpsPos, XNEps(k), n, NMAX, XXNu(k)) po
314 end if 
315C 
316 else 
317 XXNEps(k) = Abs(XNEps(k)) 
318C 
319 if (XXNEps(k).gt.CurEpsNeg(n)) then 
320 XNE(k) = CurYoungNeg(n) 
321 XXNu(k) = CurNuNeg(n) 
322 else 
323 call youngs(CurYoungNeg, CurEpsNeg, XXNEps(k), n, NMAX, XNE(k)) 
324 call poisson(CurNuNeg, CurEpsNeg, XXNEps(k), n, NMAX, XXNu(k)) 
325 C 
326 if (XXNu(k) .le. zero) then 
327 k) = 0.d0 XXNu(
328 else 
329  = XXNu(k) XXNu(k)
330 end if 
331 C 
332 end if 
333C 
334 end if 
335 C 
336 C Calculate the new values of stress sig1 sig2 and shear stress 
337 C 
338 term1(k) = XXNu(k)*XXNu(k) 
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339 C 
340 XNSig1(k) = ((XNE(k)*XNEps1(k))/(1-term1(k)))+ 
341 * ((XXNu(k)*XNE(k)*XNEps2(k))/(1-term1(k))) 
342 XNSig2(k) = ((XXNu(k)*XNE(k)*XNEps1(k))/(1-term1(k)))+ 
343 * ((XNE(k)*XNEps2(k))/(1-term1(k))) 
344 XNG12(k) = XNE(k)/(2*(1+XXNu(k))) 
345 XNSig12(k) = two * XNG12(k) * XStrain12(k) 
346 C 
347 C Compute stresses 
348 C 
349 stressNew(k,i_s31_Xx) = XNSig1(k) 
350 stressNew(k,i_s31_Yy) = XNSig2(k) 
351 stressNew(k,i_s31_Zz) = zero 
352 stressNew(k,i_s31_Xy) = XNSig12(k) 
353 C 






360 C EnergyInternal: Compute internal energy                  C 
361 ************************************************C C**********
362 subroutine EnergyInternal ( nblock, 
363 * stressOld, stressNew, strainInc, density, 
364 * enerInternOld, enerInternNew ) 
365 C 
366 include 'vaba_param_sp.inc' 
367 C 
368 parameter( 
369 * i_s31_Xx = 1, 
370 * i_s31_Yy = 2, 
371 * i_s31_Zz = 3, 
372 * i_s31_Xy = 4, 
373 * n_s31_Car = 4 ) 
374 C 
375 dimension stressOld(nblock,n_s31_Car), 
376 * stressNew(nblock,n_s31_Car), 
377 * strainInc(nblock,n_s31_Car), 
378 * density(nblock), 
379 * enerInternOld(nblock), 
380 * enerInternNew(nblock) 
381 C 
382 parameter ( half = 0.5d0, two = 2.d0 ) 
383C 
384 C Compute internal energy 
385 C 
386 do k =1 , nblock 
387 stressPower = half * ( 
388 * ( stressOld(k,i_s31_Xx) + stressNew(k,i_s31_Xx) ) 
389 * * strainInc(k,i_s31_Xx) 
390 * + ( stressOld(k,i_s31_Yy) + stressNew(k,i_s31_Yy) ) 
391 * * strainInc(k,i_s31_Yy) 
392 * + two * ( stressOld(k,i_s31_Xy) + stressNew(k,i_s31_Xy) ) 
393 * * strainInc(k,i_s31_Xy) ) 
394 enerInternNew(k) = enerInternOld(k) + stresspower/density(k) 
395C 






402 C flag: checks if value is negative or positive            C 
403 C**********************************************************C 
404 subroutine flag(XEps,signs) 
405C 
406 real XEps, signs 
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407 parameter( zero = 0.d0) 
408C 
409 signs = 3.d0 
410 if (XEps .lt. zero) then 
411 signs = 1.d0 





417 C youngs: finds values of E for non-linear curves by       C 
418 C calling spline and invspline subroutines                 C 
419 ************************************************C C**********
420 subroutine youngs(XYoungs, CurEps, XNEps, n, NMAX, XNE) 
421 integer n 
422 real yp1, ypn, y2(NMAX), XYoungs(n), CurEps(n), 




427 rEps(n)-CurEps(n-1)) * (Cu
428 call spline(CurEps,XYoungs,n,yp1,ypn,y2) 






435 C poisson: finds values of Nu for non-linear curves by     C 
436 C calling spline and invspline subroutines                 C 
437 ************************************************C C**********
438 subroutine poisson(XPoisson, CurEps, XNEps, n, NMAX, XXNu) 
439 integer n 
440 real yp1, ypn, y2(NMAX), XPoisson(n), CurEps(n), 




445 * (CurEps(n)-CurEps(n-1)) 
446 call spline(CurEps,XPoisson,n,yp1,ypn,y2) 






453 C spline: Computes spline curve from master points         C 
454 C                                                          C 
455 C Given arrays CurEps(1:n) and CurSig(1:n) containing a    C 
456 C tabulated function, i.e., Cursig = f(CurEps), with       C 
457 C CurEps1 < CurEps2 < ::: < CurEpsN, and given values yp1  C 
458 C and ypn for the first derivative of the interpolating    C 
459 C function at points 1 and n, respectively, this routine   C 
460 C returns an array y2(1:n) of length n which contains the  C 
461 C second derivatives of the interpolating function at the  C 
462 C tabulated points CurEps(i). If yp1 and/or ypn are equal  C 
463 C to 1x10^30 or larger, the routine is signalled to set    C 
464 C the corresponding boundary condition for a natural       C 
465 C spline, with zero second derivative on that boundary.    C 
466 C Parameter: NMax is the largest anticipated value of n.   C 
467 C**********************************************************C 
468 subroutine spline(x,y,n,yp1,ypn,y2) 
469 integer n,NMAX 
470 real pn,x(n),y(n),y2(n) yp1,y
471 parameter (NMAX=2000) 
472 integer i,k 
473 real p,qn,sig,un,u(NMAX) 
474 C The lower boundary condition is set either to be "natural" 
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475 if (yp1.gt..99e30) then 
476 y2(1)=0.d0 
477 u(1)=0.d0 




482 end if 
483 do 11 i=2,n-1 
484 C This is the decomposition loop of the tridiagonal 
485 C algorithm. y2 and u are used for temporary 





491 * /(x(i)-x(i-1)))/(x(i+1)-x(i-1))-sig*u(i-1))/p 
492 11 end do 
493 C The upper boundary condition is set either to be "natural" 
494 if (ypn.gt..99e30) then 
495 qn=0.d0 
496 un=0.d0 




501 end if 
502 y2(n)=(un-qn*u(n-1))/(qn*y2(n-1)+1.d0) 
503 C This is the back substitution loop of the tridiagonal algorithm. 
504 do 12 k=n-1,1,-1 
505 y2(k)=y2(k)*y2(k+1)+u(k) 





511 C invspline: get stress value from spline given strain     C 
512 C                                                          C 
513 C Given the arrays CurEps(1:n) and Cur*(1:n) of length n,  C 
514 C which tabulate a function (with the CurEps i's in order),C 
515 C and given the array y2(1:n), which is the output from    C 
516 C spline, and given a value of NEps, this routine returns  C 
517 C a cubic-spline interpolated value N*.                    C 
518 C**********************************************************C 
519 subroutine invspline(xa,ya,y2a,n,x,y) 
520 integer n 
521 real x,y,xa(n),y2a(n),ya(n) 
522 integer k,khi,klo 
523 real a,b,h 
524 klo=1 
525 khi=n 
526 C This will find the right place in the table by means of bisection. 






533 end if 
534 goto 10 
535 C klo and khi now bracket the input value of NEps. 
536 end if 
537 h=xa(khi)-xa(klo) 
538 if (h.eq.0.d0) pause 'bad xa input in invspline' 
539 C The CurEps's must be distinct. 
540 a=(xa(khi)-x)/h 
541 b=(x-xa(klo))/h 
542 C Cubic spline polynomial is now evaluated. 
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543 y=a*ya(klo)+b*ya(khi)+ 




B.2 ABAQUS/Explicit VUMAT Variable Descriptions 
 






























































































B.3 ABAQUS/Explicit VUMAT Flowcharts 
 
 
Figure B.3.1 VUMAT Flowchart 
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Figure B.3.2 imp_dam_behav subroutine Flowchart 
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